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Energetic BEM-FEM coupling

for the numerical solution of the damped wave equation

Alessandra Aimia, Mauro Diligentia, Chiara Guardasonia,∗

aDepartment of Mathematics and Computer Science
V.le Parco Area delle Scienze, 53/A

43124 Parma
Italy

Abstract

Time-dependent problems modeled by hyperbolic partial differential equa-
tions can be reformulated in terms of boundary integral equations and solved
via the boundary element method. In this context, the analysis of damping
phenomena that occur in many physics and engineering problems is a novelty.
Starting from a recently developed energetic space-time weak formulation for
the coupling of boundary integral equations and hyperbolic partial differen-
tial equations related to wave propagation problems, we consider here an
extension for the damped wave equation in layered media. A coupling al-
gorithm is presented, which allows a flexible use of finite element method
and boundary element method as local discretization techniques. Stability
and convergence, proved by energy arguments, are crucial in guaranteeing
accurate solutions for simulations on large time intervals. Several numerical
benchmarks, whose numerical results confirm theoretical ones, are illustrated
and discussed.

Keywords: Damped Wave Equation, Energetic Weak Formulation,
Boundary Element Method, Finite Element Method

1. Introduction

The study of wave propagation modeled by partial differential equations
(PDEs) of hyperbolic type and by systems of boundary integral equations
(BIEs) is important in many physics and engineering problems [1, 2, 3, 4, 5, 6].
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The analysis of damping phenomena that occur, for example, in fluid dy-
namics, in kinetic theory and in semiconductors, is of particular interest:
the dissipation is generated by the interaction of the waves with the prop-
agation medium and can be also closely related to the dispersion, as in the
interactions between water streams and surface waves or in ferromagnetic
materials.
In the context of Boundary Element Method (BEM) the analysis of dissi-
pation through damped wave equation is an almost new topic because it
has been scarcely investigated until now. For the numerical solution of the
problems that involve this equation, one needs consistent approximations
and accurate simulations even on large time intervals. Furthermore, as wave
propagation phenomena are often observed in semi-infinite media (domain)
where Sommerfeld radiation condition holds, a suitable numerical method
has to ensure that this condition is not violated. For example, Finite Ele-
ment Methods (that are standards in this framework) need the application of
special techniques to fulfill this condition that, on the contrary, is implicitly
fulfilled by BEM.
In principle, both frequency-domain and time-domain BEM can be used for
hyperbolic boundary value problems ([7, 8, 9, 10]). Space-time BEM has the
advantage that it directly yields the unknown time-dependent quantities. In
this last approach, the construction of the BIEs, via representation formula
in terms of single and double layer potentials, uses the fundamental solution
of the hyperbolic partial differential equation and jump relations (see e.g.
[11, 12, 13, 14, 15, 16]).
For the numerical solution of the damped wave equation in bounded and
unbounded layered media, we consider here the extension of the so-called
energetic BEM-FEM coupling, recently introduced for the undamped wave
equation in one, two e three space dimension ([17, 18, 19]) and for the 1D
Klein-Gordon equation in [20]. Coupled BEM-FEM formulations combine
the advantages of BEM and FEM methods and eliminate their shortcom-
ings. This approximation technique is based on a weak formulation directly
expressed in the space-time domain, thus avoiding the use of the Laplace
transform and of its inversion suggested in [14]. The mathematical back-
ground of time-dependent boundary integral equations is summarized by M.
Costabel in [21].
At the author’s knowledge, the consideration of both viscous and material
damping terms in the time-domain Galerkin boundary element approach is a
novelty. As done for the undamped wave problem [11, 17] and for the Klein-
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Gordon equation [20], the analysis is here carried out in one space dimension
because it allows to fully understand the approximation technique for what
concerns marching on time, avoiding space integration with BEM singular
kernels and it is considered as a touchstone for the extension to higher space
dimensions.
The paper is structured as follows: at first, we present the model problem
on an unbounded 1D layered domain and its energetic weak formulation,
then we illustrate the consequent BEM-FEM discretization and we describe
the main theoretical results about stability and convergence of the numerical
scheme, proved by energy arguments. These properties are crucial in guaran-
teeing accurate solutions for simulations on large time intervals. The case of
a bounded layered domain is then taken into account. At last, a wide variety
of significant numerical benchmarks are introduced and discussed.

2. MODEL PROBLEM AND ENERGETIC COUPLING

Let Ω = (0,+∞) ⊂ R be an open unbounded one dimensional domain,
modeling a 3D rod with a dimension, the length along the x-direction, much
greater than the remaining ones, with boundary ΓN := {x : x = 0}. Let
Ω1 ∪ Ω2 = Ω be a decomposition of Ω, with Ω1 = (0, L1) bounded and
Ω2 = (L1,+∞) unbounded non-overlapping subdomains such that Ω̄1∩ Ω̄2 =
Γ := {x : x = L1}. Note that the boundary of the unbounded subdomain
Ω2 is just the interface point Γ.
Having denoted by ui(x, t) the unknown function in the i -th subdomain,

which depends on space and time, and with pi(x, t) :=
∂ui
∂nx

(x, t), which

depends on a unitary outward normal vector nx w.r.t. the transversal section
of the rod, we want to solve the following wave propagation model problem:(∂2ui

∂x2
− 1

c2i
üi −

2Di

c2i
u̇i −

Pi

c2i
ui

)
(x, t) = fi(x, t), x ∈ Ωi, t ∈ [0, T ], i = 1, 2 (1)

ui(x, 0) = 0, x ∈ Ωi, i = 1, 2 (2)

u̇i(x, 0) = 0, x ∈ Ωi, i = 1, 2 (3)

p1(0, t) = p̄(t), t ∈ [0, T ], (4)

where overhead dots indicate derivatives with respect to time, ci is the prop-
agation velocity of a perturbation in the i -th subdomain, Di > 0 and Pi > 0
represent viscous and material damping coefficients, respectively, in Ωi, p̄(t)
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is a given function, and, at last, the assigned PDE right-hand sides f1(x, t)
and f2(x, t) ≡ 0 are suitably connected at interface. Moreover, at the inter-
face Γ, the matching conditions read:

u1(L1, t) = u2(L1, t), c21p1(L1, t) = −c22p2(L1, t), t ∈ [0, T ]. (5)

The unknown functions ui are understood in a weak sense, i.e.

ui ∈ H1([0, T ];H1(Ωi)).

Since the goal of this work is to approximate u1 using a FEM approach and u2
using a BEM technique, we have to obtain a boundary integral reformulation
of the problem (1)-(3) in Ω2.
For this purpose, using classical arguments [21], let us consider the general
space-time integral representation formula of u2(x, t), x ∈ Ω2, t ∈ [0, T ]:

u2(x, t) =

∫
Γ

∫ t

0
G(x, y; t, τ)p2(y, τ)dτdy −

∫
Γ

∫ t

0

∂G

∂ny
(x, y; t, τ)u2(y, τ)dτdy ,

(6)
where

G(x, y; t, τ) =
c2
2
e−D2(t−τ)I0 [x, y; t, τ ]H[c2(t− τ)− |x− y|] (7)

is the forward fundamental solution of the damped wave equation (1) on the
real line, with H[·] the Heaviside distribution and

I0[x, y; t, τ ] =
+∞∑
n=0

[√
D2

2−P2

c2

√
c22(t− τ)2 − (x− y)2

]2n
(2nn!)2

(8)

the modified Bessel function of order 0, depending on the subdomain Ω2

parameters.
Further, let us consider the normal derivative of the representation formula
(6), for x ∈ Ω2, t ∈ [0, T ]:

p2(x, t) =

∫
Γ

∫ t

0

∂G

∂nx
(x, y; t, τ)p2(y, τ)dτdy−

∫
Γ

∫ t

0

∂2G

∂nx∂ny
(x, y; t, τ)u2(y, τ)dτdy .

(9)
Of course, for the considered model problem, integrals over Γ in (6) and in
(9) collapse into simple collocations in y = L1.
Derivatives in (6), (9) have to be understood in a distributional sense. In
particular, by means of relations

∂I0[x, y; t, τ ]

∂x
= −∂I0[x, y; t, τ ]

∂y
=
∂I0[x, y; t, τ ]

∂τ

x− y

c22(t− τ)
, (10)
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∂H[c2(t− τ)− |x− y|]
∂x

= −∂H[c2(t− τ)− |x− y|]
∂y

=
∂H[c2(t− τ)− |x− y|]

∂τ

x− y

c2|x− y|
,

(11)

we obtain

∂G

∂ny
(x, y; t, τ) =

ny

2
e−D2(t−τ)

{
c2
x− y

|x− y|
δ[c2(t− τ)− |x− y|]I0[x, y; t, τ ]

+ (x− y)

√
D2

2 − P2 I1[x, y; t, τ ]√
c22(t− τ)2 − (x− y)2

H[c2(t− τ)− |x− y|]
}
, (12)

with

I1[x, y; t, τ ] =
+∞∑
n=0

[√
D2

2−P2

c2

√
c22(t− τ)2 − (x− y)2

]2n+1

2(n+ 1)(2nn!)2

the modified Bessel functions of order 1, depending on the subdomain Ω2

parameters; analogously,

∂G

∂nx
(x, y; t, τ) = −nx

2
e−D2(t−τ)

{
c2
x− y

|x− y|
δ[c2(t− τ)− |x− y|]I0[x, y; t, τ ]

+ (x− y)

√
D2

2 − P2 I1[x, y; t, τ ]√
c22(t− τ)2 − (x− y)2

H[c2(t− τ)− |x− y|]
}
, (13)

and finally

∂2G

∂nx∂ny
(x, y; t, τ) =

nxny

2
e−D2(t−τ)

{ √D2
2 − P2 I1[x, y; t, τ ]√

c22(t− τ)2 − (x− y)2
H[c2(t− τ)− |x− y|]

− (x− y)2
D2

2 − P2

c2

I ′1[x, y; t, τ ]

c22(t− τ)2 − (x− y)2
H[c2(t− τ)− |x− y|]

+ (x− y)2
√
D2

2 − P2 I1[x, y; t, τ ]√
(c22(t− τ)2 − (x− y)2)3

H[c2(t− τ)− |x− y|]

− 2|x− y|
√
D2

2 − P2 I1[x, y; t, τ ]√
c22(t− τ)2 − (x− y)2

δ[c2(t− τ)− |x− y|]

+
∂

∂τ
δ[c2(t− τ)− |x− y|]I0[x, y; t, τ ]

}
. (14)

In (14)

I ′1[x, y; t, τ ] =
I1[x, y; t, τ ]√

D2
2−P2

c2

√
c22(t− τ)2 − (x− y)2

+ I2[x, y; t, τ ] ,
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where I2[x, y; t, τ ] := I2

(√
D2

2−P2

c2

√
c22(t− τ)2 − (x− y)2

)
, being I2(·) is the

modified Bessel function of order 2.
Now, we can substitute (7), (12), (13) and (14) into (6) and (9), respectively,
to write the explicit expressions of the representation formulas for u2(x, t)
and p2(x, t). For instance, for what concerns (6), one gets

u2(x, t) =

∫ t−x−L1
c2

0

c2
2
e−D2(t−τ)I0[x, L1; t, τ ]p2(L1, τ)dτ

− ny

∫ t−x−L1
2

0

x− L1

c2
e−D2(t−τ)

√
D2

2 − P2 I1[x, L1; t, τ ]√
c22(t− τ)2 − (x− L1)2

u2(L1, τ)dτ

− ny

2
u2(L1, t−

x− L1

c2
)e

−D2
x−L1
c2 . (15)

Analogously, one can rewrite (9) and, at this stage, taking the limit as
x → L+

1 , after some simple analytic computations, problem (1)-(3) in the
subdomain Ω2 can be rewritten as a system of two BIEs in the boundary
unknowns the functions p2(L1, t) and u2(L1, t):{

u2(L1, t) = (Vp2)(L1, t)
p2(L1, t) = (Du2)(L1, t)

t ∈ [0, T ] , (16)

where

(Vp2)(L1, t) = c2

∫ t

0
e−D2(t−τ)I0[L1, L1; t, τ ]p2(L1, τ)dτ ,

(Du2)(L1, t) =
D2

c2
u2(L1, t) +

1

c2
u̇2(L1, t)

−
√
D2

2 − P2

c2

∫ t

0
e−D2(t−τ) I1[L1, L1; t, τ ]

t− τ
u2(L1, τ)dτ . (17)

Of course, problem (16) has to be coupled with the differential one specified
in Ω1, under the coupling conditions (5) at the interface. In particular, here
we are interested in a direct space-time energetic weak formulation for the
coupling of the integro-differential problem on Ω1∪Ω2, and this will be done
in the following, extending what has been done in [19, 20].
We observe that the solution of the damped wave equation in Ω2 satisfies the
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following energy identity:

EΩ2(u2, T ) :=
1

2

∫
Ω2

[(
∂u2(x, T )

∂x

)2

+
1

c22
u̇22(x, T ) +

P2

c22
u22(x, T ) +

4D2

c22

∫ T

0
u̇22(x, t)dt

]
dx

=

∫ T

0
u̇2(L1, t)p2(L1, t) dt ≥ 0 ,

(18)

which can be obtained multiplying equation (1) by u̇2 and integrating by
parts over Ω2 × [0, T ].
Then, taking into account the last term in (18) and the nature of the two
equations in the system (16), their energetic weak formulation is:

find u2(L1, t) ∈ H1([0, T ]) and p2(L1, t) ∈ L2([0, T ]) such that{
⟨u̇2, q2⟩ = ⟨ ˙(Vp2), q2⟩
⟨p2, v̇2⟩ = ⟨Du2, v̇2⟩,

(19)

where ⟨·, ·⟩ := ⟨·, ·⟩L2([0,T ]) and q2(L1, t), v2(L1, t) are test functions belonging
to the same functional space of p2(L1, t) and u2(L1, t), respectively. In partic-
ular, the first equation in (16) has been differentiated with respect to time and
projected with the L2([0, T ]) scalar product by means of functions belonging
to L2([0, T ]), while the second equation in (16) has been projected with the
L2([0, T ]) scalar product by means of functions belonging to H1([0, T ]), de-
rived with respect to time.
For the energetic weak formulation in Ω1, let us multiply the differential equa-
tion (1) for the time derivative of test function v1(x, t) ∈ H1([0, T ];H1(Ω1))
and integrate by parts in space obtaining:

−A(u1, v1) + ⟨v̇1|Γ , p1|Γ⟩ = F(v1)− ⟨v̇1|ΓN
, p̄⟩, (20)

where

A(u1, v1) :=

∫ T

0

∫
Ω1

(∂v̇1
∂x

∂u1
∂x

+
1

c21
v̇1ü1 +

2D1

c21
v̇1u̇1 +

P1

c21
v̇1u1

)
(x, t) dx dt , (21)

F(v1) :=

∫ T

0

∫
Ω1

v̇1(x, t)f1(x, t) dx dt . (22)

Now, remembering the interface condition (5), using the further coupling
condition at interface v1(L1, t) = v2(L1, t) for test functions and combining
(20) with the second weak BIE in (19), multiplied by c22, we finally obtain
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the following energetic weak formulation of the coupled problem: ⟨ ˙(Vp2), q2⟩ − ⟨u̇1|Γ , q2⟩ = 0

−⟨p2, v̇1|Γ⟩ − ⟨Du1|Γ , v̇1|Γ⟩ − 2
c21
c22
A(u1, v1) = 2

c21
c22
F(v1)− 2

c21
c22
⟨v̇1|ΓN

, p̄⟩ .
(23)

At every time instant, the unknowns are u1 in Ω1 and p2 at the interface
point x = L1.
Let us conclude this Section with some energy considerations. At first, let
us consider system (19) with q2 = p2 and v2 = u2; then, summing up the two
equation and remembering (18) one obtains:

⟨u̇2, p2⟩ =
1

2
(⟨ ˙(Vp2), p2⟩+ ⟨Du2, u2⟩) = EΩ2(u2, T ). (24)

On the other side, considering v1 = u1 in (21), one gets:

A(u1, u1) = EΩ1(u1, T ), (25)

where EΩ1(u1, T ) is defined as in (18).
Following similar arguments, starting from (23) the following relation ap-
pears:

c21EΩ1(u1, T ) + c22EΩ2(u2, T ) = −c21F(u1) + c21⟨u̇1|ΓN
, p̄⟩, (26)

from which one can deduce a-priori stability estimates for regular solutions
u1 and u2 bounding from above the related energies by means of the problem
data (the interest reader is referred to [20] for mathematical details of this
analysis).

3. SPACE-TIME GALERKIN APPROXIMATION

For time discretization we consider a uniform decomposition of the time
interval [0, T ] with time step ∆t = T/N∆t, N∆t ∈ N+, generated by the
N∆t + 1 time instants: tk = k∆t, k = 0, . . . , N∆t and we choose piecewise
constant shape functions for the time approximation of p2 and piecewise
linear shape functions for the time approximation of u1, although higher
degree shape functions can be used. In particular, for k = 0, . . . , N∆t − 1,
time shape functions for the approximation of p2 and u1 will be defined
respectively as:

ψ̄k(t) = H[t− tk]−H[t− tk+1] , ψ̂k(t) = R(t− tk)−R(t− tk+1), (27)
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where R(t− tk) =
t− tk
∆t

H[t− tk] is the ramp function.

For the space discretization we consider the bounded subdomain Ω1 suitably
decomposed by means of a mesh T∆x = {e1, . . . , eN∆x

} constituted by N∆x

straight elements, with length(ei) ≤ ∆x, ei ∩ ej = ∅ if i ̸= j and such that

∪N∆x
i=1 ēi = Ω̄1.

The functional background compels one to choose spatial shape functions
belonging to C0(Ω1) for the approximation of u1. Hence, we will choose
piecewise linear continuous functions φ̂j(x), j = 0, . . . , N∆x related to T∆x

for the approximation of u1 in Ω1.
The approximate solutions of the problem at hand, for t ∈ [0, T ], will be
expressed as:

p2(L1, t) ≈ p̃2(L1, t) =

N∆t−1∑
k=0

αkψ̄k(t),

u1(x, t) ≈ ũ1(x, t) =

N∆t−1∑
k=0

ψ̂k(t)

N∆x∑
j=0

βkjφ̂j(x) =:

N∆t−1∑
k=0

ψ̂k(t)Φ̂k(x), x ∈ Ω1.

(28)

The discretization of the energetic weak formulation (23) produces the lin-
ear system Mx = y, where matrix M has a block lower triangular Toeplitz
structure since its elements depend on the difference th− tk and in particular
they vanish if th < tk, as frequently pointed out for the energetic BEM-FEM
applied to undamped wave propagation problems (see [17, 18, 19]):

M(0) 0 0 · · · 0

M(1) M(0) 0 . . . 0

M(2) M(1) M(0) . . . 0

. . . . . . . . .
. . .

...

M(N∆t−1) M(N∆t−2) M(N∆t−3) . . . M(0)




x(0)

x(1)

x(2)

...

x(N∆t−1)

=


y(0)

y(1)

y(2)

...

y(N∆t−1)

 (29)

and the unknowns are organized as follows:

x(ℓ) =
(
αℓ, βℓ0, βℓ1, . . . , βℓN∆x

)⊤
, ℓ = 0, . . . , N∆t − 1 .

Note that, with this choice of basis, each block is symmetric and it has the
following structure:

M(ℓ) =

(
M

(ℓ)
Γ M

(ℓ)
Γ,FEM

M
(ℓ)
FEM,Γ M

(ℓ)
FEM

)

9



where diagonal sub-blocks have dimensions 2, N∆x, respectively, and whose
elements have been evaluated numerically by means of adaptive Simpson
rule.
In [20], it has been proved by energy arguments, that the numerical scheme
coming from energetic BEM-FEM coupling, applied to the simpler one-
dimensional Klein-Gordon equation (i.e. the PDE in (1) without the term
involving the first order time derivative of the unknown), is unconditionally
stable and convergent, under suitable regularity assumptions for the problem
data. In particular, it holds:

E∆t,∆x := max
k

∥ũ1(·, tk)− u1(·, tk)∥H1(Ω1) + ∥p̃2(L1, ·)− p2(L1, ·)∥L2([0,T ])

= O(∆x) +O(∆t) . (30)

This error estimate holds for the complete damping equation (1) too, since
with the position ui(x, t) = e−Ditwi(x, t), equation (1) can be formally re-
duced to the Klein-Gordon equation in the unknown function wi(x, t).
In the following Section, we derive, using simple mathematical tools, a stabil-
ity result for the presented numerical method directly applied to the damped
problem.

4. Energy estimates for the numerical scheme

Let us consider the second energetic weak equation in (23), which involves
all the problem unknowns, and, to simplify the following notation, p̄ = 0.
Now, using (28) as approximate solutions and v1(x, t) = ψ̂h(t)Φ̂h(x) as test
function (h = 0, . . . , N∆t − 1), remembering the second weak BIE in (19),
after a straightforward substitution, we obtain

Φ̂h(L1)

N∆t−1∑
k=0

αk

∫ T

0

˙̂
ψh(t)ψ̄k(t) dt+

c21
c22

N∆t−1∑
k=0

[
⟨Φ̂′

h, Φ̂
′
k⟩L2(Ω1)

∫ T

0

˙̂
ψh(t)ψ̂k(t) dt

+
⟨Φ̂h, Φ̂k⟩L2(Ω1)

c21

∫ T

0
{ ˙̂
ψh(t)

¨̂
ψk(t) + 2D1

˙̂
ψh(t)

˙̂
ψk(t) + P1

˙̂
ψh(t)ψ̂k(t)} dt

]
=
c21
c22

(Φ̂h, Fh)L2(Ω1) , (31)

where Fh(x) = −
∫ T

0

˙̂
ψh(t) f1(x, t) dt and the inverted commas represent

derivatives with respect to variable x.
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Performing analytically time integrals in the left-hand side of (31), we get:

c22Φ̂h(L1)αh + c21

h−1∑
k=0

⟨Φ̂′
h, Φ̂

′
k⟩L2(Ω1) +

c21
2
⟨Φ̂′

h, Φ̂
′
h⟩L2(Ω1) + ⟨Φ̂h,

Φ̂h − Φ̂h−1

∆ t2
⟩L2(Ω1)

+2D1

⟨Φ̂h, Φ̂h⟩L2(Ω1)

∆ t
+ P1

h−1∑
k=0

⟨Φ̂h, Φ̂k⟩L2(Ω1) +
P1

2
⟨Φ̂h, Φ̂h⟩L2(Ω1)

= c21 ⟨Φ̂h, Fh⟩L2(Ω1) . (32)

At this stage we need to observe that, from (28),

p2,h := p̃2(L1, th) = αh, u1,h(x) := ũ1(x, th) =

h−1∑
k=0

Φ̂k(x) (33)

and
u1,h+1(x)− u1,h(x) = Φ̂h(x) ; (34)

hence we can rewrite the numerical scheme (32) as

c22(u1,h+1(L1)− u1,h(L1))p2,h + c21 ⟨u′1,h+1 − u′1,h,
u′1,h+1 + u′1,h

2
⟩L2(Ω1)

+⟨u1,h+1 − u1,h,
u1,h+1 − 2u1,h + u1,h−1

∆ t2
⟩L2(Ω1)

+2D1 ⟨u1,h+1 − u1,h,
u1,h+1 − u1,h

∆ t
⟩L2(Ω1) + P1 ⟨u1,h+1 − u1,h,

u1,h+1 + u1,h
2

⟩L2(Ω1)

= c21 ⟨u1,h+1 − u1,h, Fh⟩L2(Ω1) . (35)

Remark. Here, we want to stress the fact that the proposed energetic weak
formulation, after time integration, can be regarded as a Newmark scheme
for the differential part of the coupling. In fact, starting from the second
term in the left-hand side of (35) we can recognize a semi-discretization in
time for the problem in the subdomain Ω1, operated through the cited tech-
nique with parameters ζ = 1

2
, θ = 1 in the notation of [22]. This particular

Newmark scheme is implicit, unconditionally stable and first order accurate
in ∆ t.

Now, having set ∥ · ∥ = ∥ · ∥L2(Ωi), let us introduce the discrete energy in the
subdomain Ωi, i = 1, 2, at the time instant th, defined as

Eh
Ωi

:=
1

2c2i

[
∥
ui,h − ui,h−1

∆ t
∥2+c2i ∥u′i,h∥2+Pi ∥ui,h∥2+4Di∆ t

h∑
k=0

∥
ui,k − ui,k−1

∆ t
∥2
]
,

(36)
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which really represents a discretization of the definition (18), given above for
the subdomain Ω2. Further we observe that:

⟨u1,h+1 − u1,h, u1,h+1 + u1,h⟩L2(Ω1) = ∥u1,h+1∥2 − ∥u1,h∥2

and analogously for the related space derivatives, i.e.

⟨u′1,h+1 − u′1,h, u
′
1,h+1 + u′1,h⟩L2(Ω1) = ∥u′1,h+1∥2 − ∥u′1,h∥2 ;

moreover

⟨u1,h+1 − u1,h, u1,h+1 − 2u1,h + u1,h−1⟩L2(Ω1)

= ∥u1,h+1 − u1,h∥2 − ⟨u1,h+1 − u1,h, u1,h − u1,h−1⟩L2(Ω1)

≥ ∥u1,h+1 − u1,h∥2 −
1

2
∥u1,h+1 − u1,h∥2 −

1

2
∥u1,h − u1,h−1∥2

=
1

2
∥u1,h+1 − u1,h∥2 −

1

2
∥u1,h − u1,h−1∥2 .

Combining these results with (35) and (36), we obtain:

c22(u1,h+1(L1)−u1,h(L1))p2,h+ c
2
1 [Eh+1

Ω1
−Eh

Ω1
] ≤ c21 ⟨u1,h+1−u1,h, Fh⟩L2(Ω1) . (37)

Now, applying Cauchy-Schwarz inequality to the right-hand side of (37) we
get

c22(u1,h+1(L1)−u1,h(L1))p2,h+c
2
1 [Eh+1

Ω1
−Eh

Ω1
] ≤ c21∆ t

√
2 ∥
u1,h+1 − u1,h√

2 c1∆ t
∥ ∥c1 Fh∥ ,

(38)
from which, remembering (36), we deduce

c22(u1,h+1(L1)− u1,h(L1))p2,h + c21 [Eh+1
Ω1

−Eh
Ω1
] ≤ c21∆ t Eh+1

Ω1
+ c41

∆ t

2
∥Fh∥2 . (39)

Let us now sum inequality (39), for h = 0, · · · , n−1, with n ≤ N∆ t, observing
that E0

Ω1
= 0:

c22∆ t

n−1∑
h=0

u1,h+1(L1)− u1,h(L1)

∆ t
p2,h + c21 En

Ω1

≤ c21∆ t En
Ω1

+ c21∆ t
n−1∑
h=0

Eh
Ω1

+ c41
∆ t

2

n−1∑
h=0

∥Fh∥2 . (40)
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Let us note that, remembering the coupling conditions (5) on the interface
x = L1 and (18), for the first term in the left-hand side of (40) it holds, for
sufficiently small ∆ t,

∆ t

n−1∑
h=0

u2,h+1(L1)− u2,h(L1)

∆ t
p2,h ≃

∫ tn

0
u̇2(L1, t)p2(L1, t) dt = EΩ2(u2, tn) , (41)

hence we can write

∆ t

n−1∑
h=0

u2,h+1(L1)− u2,h(L1)

∆ t
p2,h = En

Ω2
≥ 0 (42)

and finally from (40) and (42)

c21 (1−∆ t) En
Ω1

+ c22 En
Ω2

≤ c21∆ t

n−1∑
h=0

Eh
Ω2

+ c41
∆ t

2

n−1∑
h=0

∥Fh∥2 . (43)

For the discrete energy in the subdomain ΩΩ1 we obtain, under the natural
assumption ∆ t < 1,

En
Ω1

≤ ∆ t

1−∆ t

n−1∑
h=0

Eh
Ω1

+
c21∆ t

2(1−∆ t)

n−1∑
h=0

∥Fh∥2 (44)

and, applying at last the discrete Gronwall’s Lemma [22], we deduce, for
every time instant tn, the following upper bound:

En
Ω1

≤ c21∆ t

2(1−∆ t)

n−1∑
h=0

∥Fh∥2 exp
( tn
1−∆ t

)
. (45)

If we finally consider the discrete energy in the subdomain Ω2, from (43) we
can write

En
Ω2

≤ c21
c22

∆ t
[ n−1∑
h=0

Eh
Ω1

+
c21
2

n−1∑
h=0

∥Fh∥2
]

(46)

and using (45) to bound from above every term in the first sum on the right-
hand side of (46), i.e.

En
Ω2

≤ c41
2 c22

∆ t
{ n−1∑

h=0

[ ∆ t

(1−∆ t)

h−1∑
ℓ=0

∥Fℓ∥2 exp
( th
1−∆ t

)]
+

n−1∑
h=0

∥Fh∥2
}
, (47)

we succeed in proving a complete stability result for our numerical scheme,
depending on problem data.
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5. The case of a bounded bi-domain

Let us consider now the problem (1)-(5) for the one-dimensional linear
damped wave equation defined on a bi-material rod Ω = (0, L) of finite
length, decomposed in two bounded subdomains Ω1 = (0, L1) and Ω2 =
(L1, L).
In this case the domain Ω2 is bounded by Γ2 := {x : x = L1, x = L}, the
interface between Ω1 and Ω2 is still Γ := {x : x = L1} and we suppose to
consider on the right end-point of the rod a Dirichlet condition:

u2(L, t) = u(t) , t ∈ [0, T ]. (48)

The energetic weak formulation is obtained as for the unbounded rod, con-
sidering the differential problem in Ω1 and an equivalent integral problem
in Ω2. In particular, for this latter, starting from (6) and (9) written on
the interface Γ, where both u2(L1, t) and p2(L1, t) are unknowns, and from
(6) written in x = L, where pL2 (t) := p2(L, t) is unknown too, applying the
same energy considerations as before and with some straightforward analytic
computations, we obtain the following system of weak equations:

⟨ V̇ V̇ −K̇
V̇ V̇ −İ
−K I −D


 pL2
p2
u2

 ,
 qL2

q2
v̇2

⟩
L2[0,T ]

=
⟨ u̇

K̇u
Du

 ,
 qL2

q2
v̇2

⟩
L2[0,T ]

(49)

where I is the identity function, V and D have been defined in (17),

(Vw)(t) = c2

∫ t−L2/c2

0
e−D2(t−τ)I0 [L,L1; t, τ ]w(τ)dτ ,

(Kw)(t) = −L2

c2

∫ t−L2/c2

0
I0 [L,L1; t, τ ]

∂

∂τ

[
e−D2(t−τ)w(τ)

t− τ

]
dτ

(50)

and

(Dw)(t) = − 1

c2

∫ t−L2/c2

0
I0 [L1, L; t, τ ]

{
∂

∂τ

[
e−D2(t−τ)w(τ)

(
1

t− τ
+
L2
2

c22

1

(t− τ)3

)]
− L2

2

c22

∂2

∂τ2

(
e−D2(t−τ) w(τ)

(t− τ)2

)}
dτ , (51)

with L2 = L− L1.
Performing a suitable linear combination between the weak equation (20)
related to Ω1 and the third weak integral equation in (49) and applying cou-
pling conditions (5), the final energetic weak formulation for the coupled

14



problem, after suitable integrations by parts in time, is the following:

given p(t) ∈ L2[0, T ], u(t) ∈ H1[0, T ],
find pL2 (t), p2(t) ∈ L2[0, T ] and u1(x, t) ∈ H1([0, T ], H1(Ω1)) such that
∀qL2 (t), q2(t) ∈ L2[0, T ] and ∀v1(x, t) ∈ H1([0, T ], H1(Ω1))

⟨A11[p
L
2 ], q

L
2 ⟩L2[0,T ] + ⟨A12[p2], q

L
2 ⟩L2[0,T ] + ⟨A13[u̇1|Γ], q

L
2 ⟩L2[0,T ] = F1(q

L
2 )

⟨A21[p
L
2 ], q2⟩L2[0,T ] + ⟨A22[p2], q2⟩L2[0,T ] + ⟨A23[u̇1|Γ], q2⟩L2[0,T ] = F2(q2)

⟨A31[p
L
2 ], v̇1|Γ⟩L2[0,T ] + ⟨A32[p2], v̇1|Γ⟩L2[0,T ]+

+⟨A33[u̇1|Γ], v̇1|Γ⟩L2[0,T ] − 2A(u1, v1) = F3(v̇1)

(52)

where:

A11[p
L
2 ](t) = c2

∫ t

0
e−D2(t−τ)I0 [L,L; t, τ ]

∂p2(L, τ)

∂τ
dτ ,

A12[p2](t) = c2

∫ t−L2/c2

0
e−D2(t−τ)I0[L,L1; t, τ ]

∂p2(L1, τ)

∂τ
dτ ,

A13[u̇1|Γ](t) =
L2

c2

∫ t−L2/c2

0
I0[L,L1; t, τ ]

∂

∂τ

[∂u1(L1, τ)

∂τ

e−D2(t−τ)

t− τ

]
dτ ,

A21[p
L
2 ](t) = c2

∫ t−L2/c2

0
e−D2(t−τ)I0[L,L1; t, τ ]

∂p2(L, t)(τ)

∂τ
dτ ,

A22[p2](t) = c2

∫ t

0
e−D2(t−τ)I0[L,L; t, τ ]

∂p2(L1, t)(τ)

∂τ
dτ ,

A23[u̇1|Γ](t) = −u̇1(L1, t) ,

A31[p
L
2 ](t) =

L2

c2

∫ t−L2/c2

0
I0[L,L1; t, τ ]

∂

∂τ

[∂p2(L, τ)
∂τ

e−D2(t−τ)

t− τ

]
dτ ,

A32[p2](t) = −p2(L1, t) ,

A33[u1|Γ](t) = −D2

c2
u1(L1, t)−

1

c2
u̇1(L1, t)−

∫ t

0

∂I0[L1, L1; t, τ ]

∂τ

e−D2(t−τ)

c2(t− τ)
u1(L1, τ) dτ
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and the bilinear form A(·, ·) is defined exactly as in (21); further

F1(q
L
2 ) =

∫ T

0
u̇(t)qL2 (t)dt ,

F2(q2) =

∫ T

0

∫ t−L2
c2

0

L2

c2
I0 [L1, L; t, τ ]

∂

∂τ

(
u̇(τ)

e−D2(t−τ)

τ − t

)
q2(t)dτdt ,

F3(v̇1) = −
∫ T

0

∫ t−L2
c1

0
I0 [L1, L; t, τ ]

{
L2
2

c32

∂

∂τ

(
u(t)

e−D2(t−τ)

(τ − t)3

)

+
L2
2

c32

∂2

∂τ2

(
u(t)

e−D2(t−τ)

(τ − t)2

)
+

1

c2

∂

∂τ

(
u(t)

e−D2(t−τ)

τ − t

)}
v̇1(L1, t)dτdt

− 2

∫ T

0
p(t)v̇1(0, t)dt+ 2

∫
Ω1

∫ T

0
f1(x, t)v̇1(x, t)dtdx.

In addition to p2(L1, t) and u1(x, t) approximated as in (28), the further
unknown pL2 (t) in the bounded bi-domain will be approximated as

pL2 (t) ≈ p̃2(L, t)(t) =

N∆t−1∑
k=0

γkψk(t) . (53)

The discretization of the energetic weak formulation (52) produces the linear
system Mx = y where matrix M has the same block lower triangular Toeplitz
structure shown in (29) and the unknowns are organized as follows:

x(ℓ) =
(
γℓ, αℓ, βℓ0, βℓ1, . . . , βℓN∆x

)⊤
, ℓ = 0, . . . , N∆t − 1 .

Note that each matrix block is symmetric, highly sparse and it has the fol-
lowing structure:

M(ℓ) =

 M
(ℓ)
BEM M

(ℓ)
BEM,Γ 0

M
(ℓ)
Γ,BEM M

(ℓ)
Γ M

(ℓ)
Γ,FEM

0 M
(ℓ)
FEM,Γ M

(ℓ)
FEM


where diagonal sub-blocks have dimensions 1, 2, N∆x, respectively, and whose
elements have been evaluated numerically by means of adaptive Simpson rule.
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6. NUMERICAL RESULTS

Example I: homogeneous parameters in BEM and FEM subdo-
mains, smooth data.
Let us consider the unbounded interval configuration described in Sec. 2
with L1 = 1. The parameters in the two subdomains have been considered
equal: c1 = c2 = c, D1 = D2 = D and P1 = P2 = P .
At the end-point x = 0 of the bounded portion, the smooth Neumann datum
p̄(t) = 3 t2 is given and the source term in Ω1 has been chosen as

f1(x, t) = 6 t2(1− x)− (1− x)3

c2
(2 + 4Dt+ Pt2) .

In this case, problem (1)-(5) has solution given by

u(x, t) =

{
u1(x, t) = t2(1− x)3, 0 ≤ x ≤ 1
u2(x, t) = 0, x > 1

. (54)

c̄ = 1; P̄ = 1; D̄ = 0 c̄ = 1; P̄ = 0; D̄ = 1 c̄ = 1; P̄ = 1; D̄ = 1

s Es log2[
Es−1

Es
] Es log2[

Es−1

Es
] Es log2[

Es−1

Es
]

0 3.628 · 10−2 2.205 · 10−2 2.081 · 10−2

1 2.039 · 10−2 0.831 1.239 · 10−2 0.823 1.180 · 10−2 0.818
2 1.087 · 10−3 0.908 6.593 · 10−3 0.910 6.306 · 10−3 0.904
3 5.628 · 10−3 0.950 3.408 · 10−3 0.952 3.265 · 10−3 0.950
4 2.867 · 10−3 0.973 1.734 · 10−3 0.975 1.663 · 10−3 0.973
5 1.448 · 10−3 0.986 8.748 · 10−4 0.987 8.395 · 10−4 0.986
6 7.278 · 10−4 0.993 4.395 · 10−4 0.993 4.218 · 10−4 0.993

Table 1: Errors Es, defined as in (30), and experimental convergence order
for ∆x = ∆t = 0.1× 2−s.

For final time of investigation T = 1, in Table 1, we show the error Es de-
fined in (30) and the experimental convergence order, obtained by energetic
BEM-FEM coupling approach, starting with a fixed mesh in time and in
space and then halving each time ∆t and ∆x: results are in accordance with
the recalled estimate.
In Table 2, we can observe that the approximate solution converges, in
maximum-norm over Ω1, toward the exact solution independently refining
the discretization parameters, even when assigning big values to velocity or
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damping coefficients; in particular, when considering high velocities it is nec-
essary to tighten time grid in order to adapt the discrete velocity ∆x/∆ t
to the exact one, while, when one of the damping coefficient increases, it
is necessary to tighten space mesh in order to capture the damping process
along the domain.

c = 100, D = 0, P = 0
HHHHHH∆t

∆x
0.1 0.05 0.025 0.0125

0.1 2.985 · 10−3 2.983 · 10−3 2.983 · 10−3 2.983 · 10−3

0.05 6.558 · 10−4 6.525 · 10−4 6.525 · 10−4 6.523 · 10−4

0.025 2.985 · 10−4 1.153 · 10−4 1.151 · 10−4 1.152 · 10−5

0.0125 2.441 · 10−4 5.765 · 10−5 3.116 · 10−5 3.130 · 10−5

c = 1, D = 100, P = 0
HHHHHH∆t

∆x
0.1 0.05 0.025 0.0125

0.1 1.132 · 10−1 2.863 · 10−2 7.441 · 10−3 2.140 · 10−3

0.05 1.128 · 10−1 2.828 · 10−2 7.087 · 10−3 1.786 · 10−3

0.025 −− 2.823 · 10−2 7.036 · 10−3 1.735 · 10−3

0.0125 −− −− 7.042 · 10−3 1.741 · 10−3

c = 1, D = 0, P = 100
HHHHHH∆t

∆x
0.1 0.05 0.025 0.0125

0.1 1.139 · 10−1 2.977 · 10−2 8.695 · 10−3 4.319 · 10−3

0.05 1.126 · 10−1 2.852 · 10−2 7.449 · 10−3 2.789 · 10−3

0.025 1.123 · 10−1 2.821 · 10−2 7.128 · 10−3 1.855 · 10−3

0.0125 1.122 · 10−1 2.811 · 10−2 7.027 · 10−3 1.758 · 10−3

Table 2: Maximum norm error over Ω1 w.r.t. the exact solution u1(x, t) =
t2(1− x)3.

Example II: homogeneous parameters in BEM and FEM subdo-
mains, non-smooth data.
Let us consider again the unbounded interval configuration in Sec. 2 with
L1 = 1. The parameters in the two subdomains have been still considered
equal: c1 = c2 = c, D1 = D2 = D and P1 = P2 = P . Considering trivial
source force f1(x, t) = 0 and applying the non-smooth Neumann boundary
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condition p(t) = H[t− 0.5]−H[t− 1] the explicit solution becomes

∀x ∈ Ω = Ω1 ∪ Ω2, u(x, t) = 2

∫ t

0
G(x, 0; t− 0.5, τ)dτ − 2

∫ t

0
G(x, 0; t− 1, τ)dτ.

Varying the material parameters, we can observe their influence on the so-
lution and in particular the diffusive nature of damping which seeks to dis-
tribute the energy throughout the structure. The following figures represent
the numerical solution at x = 0 and at the interface x = L1, evaluated with
∆x = ∆t = 0.05 on time interval [0, 5].
Let us start with the simple case D = P = 0. In Fig. 1 we observe, as
expected, that, augmenting c from the value 1 to the value 10, the wave
moves more rapidly, reducing the time gap between u(0, t) and u(L1, t) (note
that the wave hits the interface at the time instant L1/c) and increasing its
amplitude proportionally to c.
Then, fixing c = 1, P = 0 and augmenting the viscous damping coefficient D
from the value 1 to the value 10, the dissipation implying a faster vanishing
of the wave is increased, as highlighted in Fig. 2. This phenomenon was
clearly expected since the fundamental solution G(x, y; t, τ) in (7) presents a
time decay depending on D2.
In Fig. 3 we see the effect of increasing P , having fixed c = 1, D = 0: the
material damping behaves like a restoring force opposing to the displacement
and giving rise to an oscillatory behavior. At last, in Fig. 4 we show the
combined effect of P and D.
Note that oscillations in the solution appear if the magnitude of P is bigger

than that of D
2
: this can be justified by the presence of alternating sign

terms in the definition of the Bessel function I0[x, y; t, τ ]; the overall decay
behavior is that of the fundamental solution G.

0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

t

 

 

u(0,t)
u(L

1
,t)

0 1 2 3 4 5
0

1

2

3

4

5

t

 

 

u(0,t)
u(L

1
,t)

Figure 1: Numerical solution with D = P = 0, c = 1 on the left and c = 10
on the right.
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Figure 2: Numerical solution with c = 1, P = 0, D = 1 on the left and
D = 10 on the right.
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Figure 3: Numerical solution with c = 1, D = 0, P = 1, 10, 20 from left to
right.
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Figure 4: Numerical solution with c = 1 and from left to right D = P = 1, 10
and D = 1, P = 10.
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We conclude underlying that the approximate solutions of all the above pre-
sented simulation are in very good agreement with the corresponding ana-
lytical ones.

Example III: non-homogeneous parameters in BEM and FEM sub-
domains, non-smooth data.
Let us consider for the last time the unbounded interval configuration in Sec.
2 with L1 = 1. In this example f1(x, t) is still trivial and the discretiza-
tion parameters are fixed as ∆x = ∆t = 0.05. With rectangular impulse
p̄(t) = c−2

1 (H[t] − H[t − 0.25]) as Neumann boundary condition, we inves-
tigate the solution in the time interval [0, 10] assuming physical parameters
not necessarily equal in the two subdomains and analyzing the resulting ap-
proximate solutions behavior.
In Fig. 5 on the left the damping parameters are set equal to 0 therefore
the equation (1) reduces to the 1D wave equation without damping; we ob-
serve that, when we have different velocities in Ω2 (BEM) and Ω1 (FEM)
subdomains, i.e. c2 ̸= c1, the graph of u(0, t) initially overlaps the solution
obtained considering the same velocity c1 in both subdomains, and definitely
it decays over the solution obtained considering the same velocity c2 in both
subdomains. The same behavior can be observed if we vary damping param-
eters, for example assuming non trivial material damping, as shown in Fig.
5 on the right.
Having fixed c1 = c2 = 1 and D1 = D2 = 0 in Ω1 and Ω2, in Fig. 6 on the left,
we observe that the graphs of u(0, t) with different material damping initially
overlaps the solutions obtained with equal parameters in both subdomains.
When P1 = 1 and P2 = 0, i.e. we are solving the damped wave equation in
the FEM subdomain and the wave equation in the BEM subdomain, the wave
traveling from the loaded endpoint finds a sort of ”transparent” condition at
the interface point and the solution u(0, t) has the fastest decay to zero among
all approximate solutions, while when P1 = 0 and P2 = 1, i.e. we are solving
the wave equation in the FEM subdomain and the damped wave equation
in the BEM subdomain, the wave traveling from the loaded endpoint finds
a sort of “wall” at the interface point and the solution u(0, t) presents more
oscillations. This behavior is stressed in Figure 6 on the right, where the
time history u(0, t) at the loaded end-point is shown for P1 = 0 and growing
P2: the solution tends to that of the wave equation with unitary velocity,
defined on the spatial bounded interval Ω = (0, L1) with L1 = 1, equipped
with mixed boundary condition: p(0, t) = H(t)−H(t− 0.25), u(L1, t) = 0.

21



Also in Fig. 7 on the left, we observe that the graphs of u(0, t) for dif-
ferent viscous damping parameters in Ω1 , Ω2 initially overlap the corre-
sponding solution obtained considering the same viscous damping D1 = D2

in both subdomains, and then the different damping coefficient D2 damps
down the wave or, viceversa, when trivial, it keeps the solution constant.
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Figure 5: Graphs of u(0, t) changing velocities in the two subdomains: on
the left with damping parameters equal to 0, on the right with non trivial
material damping.
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Figure 6: Graphs of u(0, t) changing material damping.
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Figure 7: On the left: graphs of u(0, t) changing viscous damping. On the
right: graphs of u(0, t) changing both material and viscous damping.

In Fig. 7 on the right, there is clear evidence that, changing both material
and viscous damping coefficients, the stability of the numerical solution is
kept along the entire time interval of analysis.

Example IV: application of energetic BEM alone.
Here, we consider the bounded domain of Sec. 5, where we fix Ω1 = ∅ and Ω ≡
Ω2 = [0, L], in order to compare results coming from the presented energetic
approach to those found in literature for the damped wave equation treated
by BEM. In fact, we test the energetic BEM applied to the one-dimensional
damped wave propagation problem in a bounded mono-domain considering
the following example, taken from [16], which solves the same differential
problem using a fully boundary element formulation too. In that paper, as
here, the Authors consider the free-space Green’s function G given in (7)
incorporating both viscous and material damping, D2 and P2 respectively,
but their discretization method is based on a collocation BEM.
In particular, in [16], problem (1)-(4) is related to a rod fixed in the right
end-point x = L = 1 (i.e. the Dirichlet condition (48) is ū(t) = 0), while
on the left end-point x = 0 a traction p̄(t) is applied. For this kind of
configuration the analytical solution, useful for comparison with numerical
results, is known: ∀x ∈ Ω, ∀t ∈ [0, T ]

u(x, t) =

+∞∑
n=1

(−1)n−1

∫ +∞

0
2
[
G
(
x,−2(n−1)L; t, τ

)
−G

(
x, 2nL; t, τ

)]
p̄(τ)dτ . (55)

In order to investigate the effect of material damping in structures, a single
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pulse traction p̄(t) = H[t]−H[t− 1/4] is applied.
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Figure 8: u(0, t) for p̄(t) = H[t]−H[t−1/4], c2 = 1, D2 = 0, varying P2 = P̄ .

∆t P2 = P̄ = 10 P2 = P̄ = 100
0.2 3.07 · 10−1 1.68 · 10−1

0.1 1.14 · 10−1 1.11 · 10−1

0.05 3.11 · 10−2 5.53 · 10−2

0.025 8.47 · 10−3 2.81 · 10−2

0.01 3.27 · 10−3 1.81 · 10−2

Table 3: Table of errors in L2-norm in time, w.r.t. the analytical solution
(55) at x = 0.

In Fig. 8, u(0, t) has been computed starting from energetic boundary el-
ement formulation applied to the BIEs coming from (6) and (9) evaluated
at x = L and at x = 0 respectively, using ∆t = 0.01, assuming c2 = 1 and
D2 = 0 and varying P2 = P̄ ; in any case, the approximation overlaps the
analytical solution. Furthermore, Table 3 shows the convergence towards
the analytical solution (55), using L2([0, 1])-norm in time and refining the
discretization parameter ∆t.
In Fig. 9, we emphasize convergence, for the case P2 = P̄ = 10 in the time
interval [0, 4].
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Figure 9: Focus of solution u(0, t) in the interval [0, 4], as in [16].

In order to investigate the diffusive nature of viscous damping in structures,
the repetitive pulse traction represented in Fig. 10 is now applied.
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Figure 10: Repetitive pulse traction.

p̄(t) =
∞∑
n=0

H[t−n]−H[t−n−1/4]

The approximate solution u(0, t), depicted in Fig. 11 reproduces the analyt-
ical one that can be obtained substituting the above Neumann condition in
(55).
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Figure 11: u(0, t) for p̄(t) as given in Fig.10, c2 = 1, P2 = 0, varying D2 = D̄.

In Fig. 12 and Table 4, we emphasize convergence.

∆t D2 = D̄ = 1 D2 = D̄ = 10
0.2 3.14 · 10−2 2.35 · 10−2

0.1 1.59 · 10−2 1.59 · 10−2

0.05 1.77 · 10−3 2.97 · 10−3

0.025 1.73 · 10−3 2.23 · 10−3

0.01 1.73 · 10−3 2.20 · 10−3

Table 4: Table of errors in L2-norm in time, w.r.t. the analytical solution
(55) at x = 0.
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Figure 12: Focus of solution u(0, t) in the interval [0, 4], as in [16], empha-
sizing convergence.
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We note that in all cases no instabilities appear and the approximate solu-
tions are in agreement with the exact ones also considering time intervals
much longer (quintuple) than those investigated in [16].

Example V: application of energetic BEM-FEM.
The following example still takes into consideration the bounded domain of
Sec. 5, Ω, split in two sub-domains of equal length with L1 = L2 = 0.5,
ū(t) = 0 assigned at x = L = 1 and the traction p̄(t) = H[t] applied at
x = 0.
We fix the discretization parameters ∆x = 0.05 and ∆t = 0.01 and, assuming
c1 = c2 = c̄ = 1, D1 = D2 = D̄ = 0 and P1 = 0, we increase the material
damping P2 in the BEM sub-domain Ω2, observing the evolution of the be-
havior of u(0, t) and u(L1, t).
If P2 = 0, as in FEM sub-domain Ω1, the approximated solution behaves
like the analytical solution of the wave equation without damping, both in
x = 0 and x = L1; in the limit P2 → +∞, the wave tends to be completely
reflected by the BEM sub-domain: in fact the bold lines in Fig. 13 represent
an approximation of the analytical solution of the wave equation without
damping for a rod of length L1 = 0.5 with boundary conditions ū(t) = 0 at
x = L1 and p̄(t) = H[t] at x = 0.

0 2 4 6 8 10
0

0.5

1

1.5

2

t

u(
0,

t)

 

 

P
2
=0

P
2
=10

P
2
=100

P
2
=1000

0 2 4 6 8 10

0

0.2

0.4

0.6

0.8

1

1.2

t

u(
L 1,t)

 

 

Figure 13: u(0, t) on the left and u(L1, t) on the right for different values of
P2.
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7. Conclusions

The advantages of BEM, when compared to domain methods, are well
known, particularly in presence of unbounded domains. Further, for volume
forces in small portions of the problem domain, the coupling of FEM with
BEM reveals very advantageous.
In this paper, we have shown the efficiency of the energetic formulation in
the case of 1D damped wave propagation problems, with theoretical results
and several numerical examples, both for BEM and BEM-FEM techniques.
Due to the optimal performances obtained in all the simulations, we are
now actually extending the energetic approach to the numerical solution of
damped wave propagation problems in 2D space dimension.
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