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Abstract The complexity of quadratic programming problems with two quadratic
constraints is an open problem. In this paper we show that when one constraint is a
ball constraint and the Hessian of the quadratic function defining the other constraint
is positive definite, then, under quite general conditions, the problem can be solved in
polynomial time in the real-number model of computation through an approach based
on the analysis of the dual space of the Lagrange multipliers. However, the degree of
the polynomial is rather large, thus making the result mostly of theoretical interest.
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1 Introduction

Quadratic programming problems with two quadratic constraints have received a lot
of attention in the literature. We refer, e.g., to [1] for a thorough discussion about them.
In this paper we are interested in such problems and, in particular, in the cases with a
ball constraint and a further convex quadratic constraint
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s LT T
min ;X" Qx + q”" x

%XTX < % (D
xTAx +alx <u,

where A € R"*" is assumed to be positive definite. We also assume that the feasible
region of the problem has a nonempty interior. In what follows we will denote by
fos f1, f> respectively the objective and constraint functions of problem (1). As an
application of this problem, in [6] it is shown that it arises as a subproblem to be solved
ateach iteration of a trust region algorithm for equality constrained nonlinear problems
(see also [19] where it is shown that for the case of a single equality constraint the
subproblem can be solved in polynomial time).

In the recent paper [5] the authors state that the computational complexity of the
above problem is an open question. In fact, polynomial approaches are known for
some special cases. In [19] it is shown that a semidefinite relaxation allows to solve it
when q = a = 0, i.e., when we have no linear terms. In [2] the case of two-sided indef-
inite quadratic constraints is shown to be solvable in polynomial time under a suitable
assumption. This case is also discussed in [13]. Approximation results for the case with
an arbitrary number of quadratic equality constraints with a diagonal Hessian and no
linear terms, and with additional bound constraints, are discussed in [17]. In the previ-
ously mentioned paper [5] the authors introduce a family of polynomial-time separable
second order cone-reformulation/linearization technique (SOC-RLT) constraints for
the problem. These constraints are added to a semidefinite relaxation. However, the
authors provide examples where the optimal value of the resulting relaxation is not
equal to the optimal value of the original problem. In [3,11] conditions under which
a rather simple convex relaxation turns out to be exact, are given for some subclasses
of quadratic problems with two quadratic constraints. In [4] the authors introduce a
polynomial-time algorithm for problems with a (possibly nonconvex) quadratic objec-
tive function and a feasible region defined by: (i) quadratic constraints which define
spheres; (ii) quadratic constraints which define regions which are the complements
of the interiors of spheres; (iii) some linear constraints. Given the polyhedron defined
by the linear constraints, the authors call intersecting a face of the polyhedron which
has a nonempty intersection with the intersection of the spheres defining the feasible
region. Polynomial solvability is then proved under the assumption that the number
of intersecting faces is polynomial, and that the number of quadratic constraints is
fixed.

Statement of contribution The aim of this paper is to prove that, under quite general
conditions, problem (1) can be solved in polynomial time in the real-number model
of computation. However, as we will see, the degree of the polynomial is quite high,
thus making the approach more of theoretical interest rather than of practical interest.
In the next section we make a detailed outline of the paper, which could be used by the
reader as a guide through the (admittedly) rather technical proofs spread throughout
the paper.
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2 Outline of the paper

In Sect. 3 we state the complexity result and we introduce a perturbed problem with
rational coefficients. We will also show in Theorem 3.1 that once we have an approxi-
mate solution of the perturbed problem, we are able to derive an approximate solution
of the original problem.

In Sect. 4 we discuss the simpler case when A and Q commute. Although the
assumption is restrictive, we first discuss this case because it allows for a simple
description of the main ideas of the proof, which are then generalized in the next
section. The scheme of the proof is the following.

o First, we state the KKT conditions for the problem, which depend on the original
variables and on the two Lagrange multipliers (41, (7 associated to the constraints.
Noting that the global minimizer is a KKT point, we try to identify all such points.

e Next, we make a separate discussion for the case where the Hessian of the
Lagrangian function is singular, and for the case it is nonsingular.

— Inthe case of singular Hessian matrix it is shown that, under a suitable assump-
tion, at most 2n KKT points can be identified and their (exact) computation
requires a polynomial time.

— In the case of nonsingular Hessian matrix, we show that the 1, o values can
be identified by solving a bivariate polynomial system with two equations with
degree at most 2n (the system is derived from the KKT conditions). Under the
assumption of zero-dimensionality, the system has at most 4n” and (approxi-
mate) solutions of the system can be computed in polynomial time. Note that
in this section a couple of assumptions are introduced. Conditions under which
these assumptions are fulfilled are given in Sect. 5. However, we remark that
these conditions are almost always fulfilled. In particular, the assumption of
zero-dimensionality of the bivariate polynomial system is certainly true if the
problem has a finite number of critical points, which is almost always true.

e Finally, once approximate KKT points have been computed, in Theorem 4.1 it is
shown how to derive from them feasible solutions of the original problem and,
thus, also a solution of the complexity problem.

Section 5 is devoted to the general case. The scheme of the proof is the same as in
Sect. 4, but, as previously commented, general conditions, depending on the problem
structure, are given under which the assumptions already introduced in the previous
section are fulfilled. Thus, from the KKT conditions, we make a separate discussion
for the two cases of singular and nonsingular Hessian of the Lagrangian function. In
the former case we are able to identify (approximate) KKT points in polynomial time
by solving univariate polynomial equations (Proposition 5.1). In the latter case we
compute (approximate) KKT points in polynomial time by solving, again, a bivari-
ate polynomial system (Proposition 5.2). With respect to Sect. 4, the procedure to
derive feasible solutions of the original problem close to the approximate KKT points
previously identified, is more complicated. It is described in Sect. 5.2, where the
polynomial-time algorithm is finally described. In order to improve readability, the
intermediate results, needed for the proof of the main result, are given in Sect. 6.

@ Springer



L. Consolini, M. Locatelli

3 Complexity statement and introduction of a perturbed problem

In this paper we employ the real-number model of computation. Given an optimal
solution x* of problem (1), according to this model we are able to solve the problem
in polynomial time if, for each p > 0, we are able to detect a p-approximate solution,
i.e., to detect some feasible point X such that

fo®X) = fo(x) + p, 2

in polynomial time with respect to n, to log (1/p), i.e., to the logarithm of the required
precision, and to two real parameters associated to the problem at hand. Following,
e.g., [12,18], the first parameter is denoted by €2 and is the maximum absolute value
of the coefficients of the problem, while the second parameter measures how sensitive
the constraints are with respect to perturbation of the data. Stated in another way, the
second parameter is a measure of strict feasibility for the problem. We define it as
follows. First, we solve the following convex optimization problems
1 — 2k = min 1xTx
2 1= 2
%XTAX +alx <u,
u — 2kp = min %XTAX +aTx
1T 1
7X X < 7
Let x(l), x(z) be the optimal solutions of the first and second problem, respectively. Next,
we consider the point

X0 = 2%} + ox2. 3)
2 2

Then, by convexity

1.7 1
EXOXOS E_Kl

“

1T T
7XgAxo +a’xp < u — k2,

i.e., Xo is a strict feasible point for problem (1). Note that k1 < % must hold. We
consider the following measure of strict feasibility

1
X=—— 5)

min{x1, K2}

As previously commented, this value measures the sensitivity of the problem with
respect to perturbations of the coefficients appearing in the constraints: a large value for
Xx means that even small perturbations of these data can make the problem infeasible.

Thus, the complexity result we aim to prove states that a feasible point X satisfy-
ing (2) can be computed in polynomial time with respect to n, log(£2), log (x), and
log (1/p). In order to compute such point we first need to define a suitable perturbation
of the original problem.
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3.1 Definition of a perturbed problem

Here and in what follows, for any vector x € R”, ||x|| denotes its Euclidean norm, for
any matrix M € R"*" with M = (m;;), M|l = max| <1 [Mx]| denotes the matrix
2-norm and [|[M||oc = max; j—1,....» |m;;| the entrywise infinity norm.
We consider a perturbation of the original data, such that all data have a fractional
part rounded at the kth binary digit, i.e., we consider the perturbed problem
min %XTQX +q'x
IxIx <} (6)
%XTAX +alx <,
where
Q=Q+2Q q=(q+Aq A=(A+AA)
a=(a+ Aa) i = (u+ Au),

and: —k
1AQlloos IAGlloos [AA oo, [Alloo, [Aul <277, @)

Note that all the coefficients are now rational numbers whose numerator is never larger
than 2"52, and whose denominator is never larger than 2k, Thus, the bit size of these
rational coefficients, denoted by § in what follows, is

=0 (k+1logQ). 8)
Also note that k is a measure of the ‘size” of the perturbation: the larger k is, the
“smaller” the perturbation is. The objective and constraint functions of the problem (6)

will be denoted in what follows by fo, f1, f> respectively. We first need the following
remark, establishing a relation between the original and the perturbed functions.

Remark 3.1 For any x such that ||x|| < 1, it holds that
- 1
/i) — fi] <27F (5” + ﬁ) i=0,1,2.
Proof We prove the simple result only for the objective function. We have that
3 1 7 T
Jfox) — fo(x) = 5X AQx + [Aq]” x.
Then,
- 1
| fo(x) — fox)| = EIIAQIIIIXII2 + [ Aq]{Ix]]-

We recall that for each n-dimensional vector m and each n-dimensional square
matrix M it holds that

Im|| < Valmfeo, M| < n|Mc. ©)
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Then,
- 1
| fox) — fox)| <27* (En + «/ﬁ) ,

as we wanted to prove. O

Next, we show that for k large enough we are able to guarantee a strict feasibility
condition similar to (4), also for the perturbed problem.

Observation 3.1 If

2 2
k > log (M) , (10)
K2
then |
Sx0Ax+a X < ii - “—22 (11)

where Xq is the point defined in (3).
Proof Inview of (4), (7), and (9), the left-hand side in (11) is bounded from above by

1 (1
u— w2+ 1AMl + [ Aalllxo ]l < u = w2 +27F (5" + ﬁ) .

The right-hand side in (11) is bounded from below by

K2 —k K2
—|Aul— =>u—-2""—-—=.
u— |Au| > Z u >
Thus, (11) holds if
ok = n+2yn+ 2,
K2
from which the result immediately follows. O

We will also need the following simple result.

Remark 3.2 Let us consider the quadratic function
1 r T
fx) = EX Bx + b x,

and let I" be the maximum absolute value of the coefficients in B and b. Then, for any
pair of vectors yp, y2 such that ||y ||, |ly2|l < 1, it holds that:

1
IfyD) — fFy)l < (n+ V)T ly1 — yall + Enl“ll)ﬂ - v2l*. (12)
In particular, if ||y; — y2|| < 1, then it also holds that

[f(y1) — (2| <3nl|lyr —y2ll. (13)
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Proof We have that

1
fy) — f(y2) =yiB(y1 —y2) + bl (y1 —y2) + S Wi - y2) ' B(yi — y2),

and, consequently,

1
£ G0 = £o)1 = ly20lIBlHyr — y2ll + by = y2ll + S By - yall*.

Now, the result immediately follows by observing that |y2|| < 1 by assumption, and
recalling (9). |

The following observation states that, given a feasible solution of the perturbed prob-
lem, we are able to identify a feasible solution of the original problem with a similar
objective function value.

Observation 3.2 Ifk satisfies (10), for each feasible solution z of the perturbed prob-
lem (6), we are able to compute a feasible solution wy of the original problem (1) such
that

[ fo(Wz) — fo(z)| < 6nQ2p(n, k2, k),
where:

27K (3n+ /n +1)
2K (In+ V1)t

pn, ko, k) =
Proof 1If z is feasible for the perturbed problem, it satisfies
lzT(A +AA)zZ+ (a+ Aa) z <u+ Au.
> =
Thus, in view of (7) and of (9), we also have
%zTAz+aTz§u+2*" (%n—i—\/ﬁ—}— 1).

Now, let w, be equal to z, if z is feasible for (1) (in which case the result is trivial).
Otherwise, let w; be a point along the segment between z and the strictly feasible point
xo defined in (3):

w, = (1 — 1)z + Axg.

Note that both z and w, fulfill the ball constraint. For what concerns the second
constraint, in view of the convexity of the constraint function we have that, for any
A e [0, 1],
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LrW) <(1=2) fo@) +Afa(x0) < (1= 1) (u+27% ($n+ /n + 1)) + 2(u — x2)
=u+ (-2 Gn+n+1) -k

Recalling the definition of p, feasibility of w; is guaranteed for all A > p(n, k2, k).
Then, by taking A equal to p(n, k2, k), it holds that

Iz — wzll = Allwz — Xoll < p(n, k2, K)(IWzll + lIx0])) < 2p(n, k2, k).
For k defined as in (10), 2p(n, k2, k) < 1 holds, so that, in view of Remark 3.2,

| fo(Wz) — fo(z)| < 6n2p(n, k2, k). (14)

We are now ready to prove the following theorem.

Theorem 3.1 Ifa %-appmximate solution z of the perturbed problem (6) is available,
then the feasible solution w; of the original problem (1) is a p-approximate solution
for such problem, provided that

1

k > log (—) +max{log(4n 4+ 8+/n), log(12n* + 24n/n + 24n) +log(2) +log(x)}.
0

(15)

Proof LetX* be an optimal solution of the perturbed problem (6) and x* be an optimal
solution of the original problem (1). Letzbe a %—approximate solution of the perturbed
problem, i.e.,

fo@ — fo(x*) <

D

We first show that 0
fo(@) — fo(x*) < o) + 2n(k, n), (16)

where n(k,n) =27 (%n + ﬁ) In view of Remark 3.1 we have that
fo@ < fo@) +nk,n),  fox*) = fox*) —nek,n),

form which (16) immediately follows. Thus, in view of (14) we also have that w; is a
feasible point for the original problem such that

fows) — fo(x*) < g 4 20(k, n) + 612 (n, K2, ).

Thus,
Wk, n) + 6nQp(n, 2, k) < g (17)

implies

fo(wz) — fo(x*) < p.
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Recalling the definitions of p and n, we must have

27K (Sn+ n+1)
*(Gn+Vn+1) +x

=

’

27k (n + 2\/5) + 6n522

D

The above inequality holds, e.g., if

2% (n+2vn) < g,
and
—k (1
612 (3n+/n+1) _°
K2 4
which both hold if

1
k>log (—) +max{log(4n + 8+/n), log(12n? + 24n~/n + 24n)+1og(Q) + log(x)},
0

as we wanted to prove. O

According to the above theorem, if the perturbation of the original problem is “small”
enough, i.e., if k is large enough, we are able to compute a p-approximate solution of the
original problem if we are able to compute a %—approximate solution of the perturbed
problem. Thus, what we need now in order to prove polynomial solvability, is that
a %-approxirnate solution of the perturbed problem can be computed in polynomial
time with respect to the previously discussed parameters. We will first consider the
simpler case of commuting matrices and, later on, we will deal with the general case.

4 The case of commuting matrices

In this section we study the case where A and Q commute. In this case it turns out
that A and Q are simultaneously diagonalizable (see [3]) by the orthonormal matrix
S such that

STQS =D, = Diag(yi, ..., vs), STAS =D, = Diag(ni,...,nn).
Note that D> is positive definite, i.e.,n; > 0,i = 1, ..., n, in view of the positive defi-

niteness of A. Then, after the change of variable x = Sy, problem (1) can be rewritten
in the following form where the objective and constraint functions are separable

min fo(y) = 320 viy} + i icivi
[y =320y <% (18)
L) =320 iy + D0 by < u.
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We will assume that all the coefficients of the above problem are rational numbers. This
is not necessarily true after the diagonalization, but in case it is not we proceed with
the already discussed perturbation procedure. Moreover, we introduce an assumption
which simplifies the following development.

Assumption 4.1 We assume that:

(a) foreachi € {1,...,n},c; #0;
(b) foreachi, je{l,...,n},i #j,

Note that the assumption is not restrictive, since when we perturb the coefficients c;,
i =1,...,n, we can do that in such a way that the assumption is fulfilled. Now, the
approach we are going to propose is based on the identification of the KKT points for
this problem. Indeed, any local minimizer of the problem (and, thus, also the global
minimizer) satisfies the KKT conditions. Note that the feasible region is a convex set
and, by assumption, Slater’s condition holds (a strictly feasible point exists). Thus, all
feasible points satisfy a constraint qualification and we can restrict the search for the
global minimizer to KKT points.
The KKT system is the following

Vivi +ci + 1y +pueniyi b =0 i=1,...,n

M1 (Z‘l?:lyi2 - 1) =0 (19)
wo (3300 miy? 4+ >0 biyi —u) =0
m1, m2 >0,

where w1 and pu, are the Lagrange multipliers of the first and second constraint,
respectively. We first discuss some special cases. After remarking that the values y;,
i = 1,...,n, are uniquely identified if y; + w1 + won; # 0, we discuss the cases
when y; + w1 + wan; = 0 for some index i.

Observation 4.1 Under Assumption 4.1, for eachi = 1, ..., n, the number of KKT
points for which y; + 1 + uan; = 0 is (at most) two.

Proof First of all we notice from (19) that y; + 1 + nan; = 0 implies ¢; + pu2b; = 0.
In view of Assumption 4.1a, we must have b; # 0. Then, the values of the Lagrange
multipliers must be

M= —Vit+ iy
e (20)
M2:_b_l,»'

Note thatif 4] < Oor u < 0, then there is no KKT point for which y; 411 4p2n; = 0.
If for some j # i

i+ ui+uan; =0,
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in view of Assumption 4.1b we must have ¢; + ,u?bj # 0, i.e., there is no KKT point
corresponding to the two Lagrange multipliers 17, 5. Then, we can impose

Vi +uri+usn; #0,
for all j # i. Then it follows from (19) that for j # i

_ ci+ uib;
y=——=>L 2L .27 -. (21)
Vi Tyt o

Thus, only the value y; needs to be fixed. Since ¢; # 0 in view of Assumption 4.1a,
then p} # 0, so that the second constraint is active at the KKT point and

1, 1 N _
SV +biyi =u— Ez#iﬂ,/)’j - Z#ib./)’j’
thus, at most two values for y; are possible and there are at most two KKT points. O

If we discard the solutions discussed in the previous observation and we restrict the
attention to KKT points where both constraints are active (the other KKT points, which
are also KKT points of trust-region problems, can be detected in a similar way), we
are able to rewrite the KKT conditions as follows

o pit(ui.p2) _
Vi = (i) i=1 1
2
n pir(ur,p2) \©
2ot (Piz(m Mz)) =1 22)

pil(pi,p2) pll(m H2) _
ZZl 17 (p:z(m uz)) + 2icibi pin(ira) —
where, foreachi =1, ..., n:

pi1(1, n2) = —(¢; + pab;)

(23)
pi2(1, m2) = ¥i + 1 + H2n;.

According to (22), we need to solve the following system, after multiplying both sides
of the last two equations by the least common multiple of the denominators,

> i w2 [Tau, 12 = [T w21, 12)* =

J#i j=1

Zi:l |:§77i(17i1(li1, 12))” + bipir (i1, p2) pia (e, Mz)} [Ipiatur, n2))
J#

—u H(sz(m, 112))* = 0. (24)

j=1
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This is a bivariate polynomial system with degrees of the polynomial at most equal to
2n. Before discussing its solution, we make a few remarks.

Remark 4.1 The solutions of this system also include those discussed in Observation
4.1. Thus, although we have made a separate discussion for the solutions of those
special cases, in fact such solutions can also be derived from the solution of the
system (24).

Remark 4.2 The multiplication by the least common multiple may also introduce
unwanted solutions. These occurs when

pi2(1, m2) = yvi+pr+pan; = vj+ur+u2n; = pia(nr, u2) =0, 1 # j. (25)

Note that we do not need to care about pairs (i, j) such that y; = y; and n; = n;.
Indeed, in this case the least common multiple includes only one of the two (identical)
expressions (y; +/1+u2n;)* and (yj+up1+p2 nj)z. In all the other cases, the bivariate
linear system (25) either has no solution or identifies a unique solution (i1, ft2). These
solutions of system (24) can be discarded since they do not correspond to KKT points.

Remark 4.3 Although we are only interested in solutions of the system with z¢1, poy >
0, the system may also have solutions with a negative value for p; or py or both.
We compute also these solutions because these lead to KKT points for problem (18)
where the inequality constraints are replaced by equality ones.

Now we can exploit all the theory and the practical knowledge about the solution of
bivariate polynomial systems. We introduce the following assumption.

Assumption 4.2 System (24) is zero-dimensional, i.e., it has only a finite number of
solutions.

The assumption is a rather general one and sufficient conditions under which it is
fulfilled are discussed in Sect. 5.

Observation 4.2 If system (24) is zero-dimensional, then it has at most 4n* solutions,
including the complex ones.

Proof This is an immediate application of Bezout’s theorem (see, e.g., [14]). This
theorem states that two polynomial functions of degree d; and d», which do not have
common factors (or whose greatest common factor is a constant, which is equivalent
to say that the corresponding polynomial system is zero-dimensional) can have at
most djd, common roots. Now, the result follows immediately by observing that the
degrees of the two polynomial functions in (24) is at most 2n. O

In this case all the solutions of the system can be approximated in polynomial time.

Observation 4.3 Let 2° be the size of the maximum coefficient in (18). If system (24)
is zero-dimensional, its solutions can be derived with precision ¢ after

~ 1
o (n68 + n? log (—))
€

operations, where O means that polylogarithmic terms are omitted.
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Proof Theorem 11 in [10] states that for a bivariate polynomial system with degree
d of the polynomials and with maximum size 27 of the coefficients, the number of
operations required to accomplish precision ¢ in the identification of all the solutions

is
~ 1

o (d6 +d°t 4 d*log (—)) .
€

Then, the results follows by observing that our polynomial system has degree 2n and
maximum size of the coefficients 2. O

Once we are able to detect the solutions of the polynomial system with precision ¢,
we would like to show that we are also able to identify a point y which satisfies (2).
We first need to prove a lemma about the distance between distinct solutions of the
system.

Lemma 4.1 A lower bound for the minimum distance between distinct solutions of
the polynomial system, denoted in what follows by sep, is 0(2_”45).

Proof As a consequence of Corollary 5 in [9], we have that for a bivariate polynomial
system with polynomials of degree d and an upper bound 27 on the size of the coeffi-
cients, the minimal distance between distinct solutions of the system is bounded from
below by

2—2a’4—2(4 log(d)+1)d>

(in fact Corollary 5 in [9] states a more general result for n-dimensional polynomial
systems). In our polynomial system we have d = 2n and T = né (recall 2% is the
maximum size of the coefficients defining our problem). Thus:

sep > 027",

]

Now we notice that we are able to detect exactly some of the solutions of the polynomial
system, namely the solutions (i1, 13), j = 1, ..., n, such that

ci+plb;i =0
J Mi‘ J } (26)
Vi +uy+uyn; =0,

i.e, those discussed in Observation 4.1. Consequently, we are also able to compute
exactly the corresponding coordinates y,, r = 1, ..., n. Instead, let us consider a
solution (fi1, ft2) of the system different from (u{, u3), j = 1,...,n. In this case
we are able to compute the values (11, it2) only within some precision ¢. We would
like to establish how the error in the computation of these values affects the error in
the computation of each y; value. We have that
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_ cj+ b

y‘ = - — — € [_1’ 1]’
! Vi + K1+ nonj

where y; € [—1, 1] follows from the first constraint. Since we are able to identify the
solution only within the precision €, we detect an approximate solution (it1 +&1, fip +
&), where |&1], |&2] < e. Thus, we will have the following approximation of y;

5= cj+ (2 +&2)b;
Ty G+ ED) + (G + E)nj

We would like to compute the error of the approximation, i.e.,

B cj+ (2 +&2)b; cj + [2b;
vi+ @ +&)+ (Ra+&)n;  yi+ i+ e |

1y =yl = 27

We need the following lemma, which gives an upper bound on the approximation error
for each coordinate.

Lemma 4.2 Foreach j =1,...,n, it holds that
228
vi—yil<eOo{—).
|YJ )’j| = (sep)

Proof First we notice that we can rewrite (27) as follows

m_w:‘( Cj:f‘ﬁ«Zb_j )( _ $1+$277j_ )
yi + 1+ ion;i ) \yj+ (i + &)+ (o +&)n;
_ &b;

yi+ (1 + &)+ (2 +&)n;

Then,
~ _ Cj + /jbzbj El +€:2le
1yj =yl = _ _ ]
yi+ i+ pen; ||y + (e + &)+ (2 +&)n;
&b;
vi+ (1 + &)+ (2 +&)nj |
In view of
‘_w .
vit R+ pan;
and |&1], |&] < &, we have
L+ nj| + 1b;]

lyj —yjl <e - - .
S lyj + (a1 + &) + (2 +&2)n;|
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Now, for some A, B it holds that

cj+ b =A

o (28)
Yj + i+ panj = B,

where |B| > |A]. If b; = 0, then A = ¢; and |B| > |c/|, so that for a small enough ¢
we have

lc;l

lyj + (1 + &) + (u2 +&)njl = |B + &1 + &njl > >

and, thus

2(1+ In;1)
57— yil ce=—-2 <20 (2%).

el

Otherwise, if b; # 0, if we subtract system (28) to system (26), we get

() -] ()

Mj= [0 bj } ,
1 nj
bj # 0 implies that M is nonsingular. Moreover

() -() =P 1G]

Note that the left-hand side is bounded from below by sep, which is the minimum
distance between distinct solutions of the system. Then

)=y
]

Thus, recalling |B| > |A| and noticing that ||Mj_1 | = 02,

If we denote by

81z 0(57)

28
Thus, for a small enough ¢ we have

sep)

ly; + (i1 + &) + (2 +&)njl =B+ & +&njl = 0 (2—5
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and, thus

226
[yj —yjl =€0 (—) .
sep
O

We recall that our aim is to identify a point for which (2) holds. The following theorem
states that this can be done in polynomial time.

Theorem 4.1 A feasible solution which satisfies (2) can be identified in polynomial
time with respect to n, log(2), log(x), and log (1/p).

Proof 1f we were able to compute exactly all the KKT points, we would be done.
Unfortunately, for some points we are only able to detect approximations, which may
not be feasible points. However, we would like to show that with a similar computa-
tional effort we are able to derive from the approximate solutions at least one feasible
solution which satisfies (2).

Let us assume that we have identified a number R of approximate KKT points y’,
r=1,..., R, and let " be the corresponding exact KKT points. Let

.....

,,,,,

be the best approximated KKT point (notice that # # s may hold). In view of Lemma
4.2, we have that foreachr =1,..., R

226
1§~ ¥ < Veo (—) < Vne0 (224, (29)
sep

where the last inequality follows from the lower bound for sep established in Lemma
4.1. Now, let us set

1,8, 8) = J/nsO (225”45) .

We choose

I << ;
-0 (ﬁ228+n48) ’

so that r1(n, §, ¢) < 1. In view of Remark 3.2

i) — fiG)] <3nQri(n,8,¢), i=0,1,2. (30)
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Now we set
ry(n, s, e, Q) =3nQri(n,d,e¢).

We further restrict the possible values for ¢ by imposing

1 1

1 1
m@ﬁwﬁ»sgmm%h%}sgmmMmﬁ=§;s§, 31
where the last inequality follows from «; < 1. This holds if
1
&> (32)

0 (an%226+n48) '
In view of the feasibility of ¥/, we have that

AG) < 3 4+1r2(n, 8,6 Q)
HLF) <i+r®,s, e Q).

Let z' be equal to ¥, in case ¥’ is feasible for the perturbed problem (6), otherwise let
z! be a point along the segment between §' and the strictly feasible point x( defined
in (3):

7 = (1 - Ny + Axo.

In view of the convexity of the constraint functions we have, for any A € [0, 1],

)

fi@) <A =DAF) +rAix) <A -DAF)+A1 (5 —«
i—3).

£@E) <A =0AGF)+1AE) < (=0 HG) +A(

Thus, for A such that

L=2(F+r)+r(3—x)
(1= 2@ +r)+r(a—'3)

B[—

=
<u

(dependency of r; on n, §, €, 2 has been omitted), i.e.,

r
A 2 T
ro + min {/q, '%2}

point z' is feasible. If we set A equal to the right-hand side of the above inequality,
then
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)

Z -V =MV = x| < ——————— (IIF'I| + IIx
[ yi Iy oll < F— {K1, %2} (Ily I+ 1 0||)
= 2 +2r)
_ 7).
- r2+min{/{1,"72} 2
Now, let us set
r
r3(n, 8,6, 2, x) = (2 +2r).

rp + min {K], K—z}
In view of (31) the right-hand side is not larger than 1, so that in view of Remark 3.2

n

S I
[fo(¥') — fo(z)| 53n9r2+min{fc1,%}

2+ 2rp).

In view of (30) and of the definition of §' as the best approximate KKT point, it holds
that

foF) = foF) —r > foF) —r > fo@)
—rp — ?anQ—.r2 (2 +2rp).
ro + min {/q, "72}

Thus, z is a %—approximate solution of the perturbed problem provided that

2 2+42m) < 2. (33)

r+3InQ——m
. r2+min{/c1,%2} 2

Observing that r, < %, we have that the left-hand side in (33) is bounded from above
by
nQry + r22 + ro min {K], "2—2}

r+ % min {«, k2}

This can be further bounded from above, after observing that r22 < rp and
min {/q, '(72} < 1, with

rn(18nQ2 +4)

—_—

X

Thus, (33) is fulfilled if
2rax(18nQ2 +4) < p,

which, recalling the definition of r, holds if

P

e < .
2Qn322641% (18192 + 4)

(34)

Now, according to Observation 4.3, we are able to detect an approximated KKT point
in time
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~ 1
o (n68 + n? log (—)) .
e

Then, taking into account (34), the time to compute an approximated KKT point is

0 (n66 +n? [log(l/p) + log(2) + log(n) + n*s + log(x)]) .

Recalling that § = O (k + log(£2)) and the lower bound (15) for k, we further have
that the computing time is

0 (n° [tog(n) +log(1/p) + log(2) +log(x)]) -

Since all the R approximate KKT points need to be computed, and since R is bounded
from above by the maximum number 4n? of solutio6ns of the system (24) (see Obser-
vation 4.2), we are able to detect a feasible solution which satisfies (2) in polynomial
time

0 (n* [tog(n) +log(1/p) + log(2) +log(x)]) -
O

For the sake of illustration, we present a simple example which illustrates how the
approximation algorithm works.

Example 4.1 Let us consider the following problem

min x2 — y2 — 2y 4 2x
x?+y? <1
x24y* —2x —2y < —1.

It can be easily checked that the problem admits a strictly feasible solution, e.g., the
point (1/2, 1/2). The KKT system is the following

2x +2+2u1x +2u2x —2u2 =0
=2y =2+42u1y+2u2y —2n2 =0
m*+y* =1 =0

w2 4+y2—2x—=2y+1)=0
mi, 2 = 0.

We first deal with the case where both constraints are active. The (possible) KKT
solutions discussed in Observation 4.1 are those for which the Lagrange multipliers
satisfy the two following linear systems

mr+u2+1=0 wr+u2—1=0
ur—1=0 u2+1=0.
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The solutions of these systems are, respectively, (—2, 1) and (2, —1). Both have one
negative value and, thus, can be discarded in advance. Once we discard these solutions,
we can derive x and y from the first two equations of the KKT system,

2 — 1 . na+1

X=r, y=——————, (35)
L+ pr + p2 =1+ p + w2

so that, after imposing that both constraints are active, we end up with the following
system

2 2
pa—1 + H2+1 =1
I+pr+u —l4+pi+p2
2 2
po—1 Mo+l _ ma—1 _ mo+1 _
(1+ﬂ1+M2) + <—1+M1+M2) 2 <1+M1+M2 2 —l+purtpu2 ) = L

or, equivalently

(m2 — D1 + w2 — D+ (2 + D> + 1 + 12)*
—(L+ p1 + ) (=14 p +12)* =0

(1 + 2% (w1 +p2 — D4+ Q2 — w4 w1 + p2)?
—(1+ 1 + p2) (=1 + p1 + p2)? = 0.

The solutions of this system are {(2, 1), (=2, 1), (2, —1), (—2, —1)}. We only need to
consider (2, 1) since all other solutions have at least one negative value. Note that, as
previously commented, we detected again the solutions derived in Observation 4.1. If
we substitute u; = 2, up = 1 in (35), we find the KKT point x* = 0, y* = 1. We
remark that in this simple case exact solutions of the system could be detected. Usually,
only approximated Lagrange multipliers can be detected, and, thus, approximated
KKT points may need to be projected back within the feasible region.

Next, we need to consider possible KKT points with a single active constraint. Note
that, since the objective function is not convex, optimal solutions must have at least
one active constraint. We only discuss the case where the first constraint is active (the
discussion for the other case is analogous). Since the second constraint is not required
to be active, we can impose ©> = 0. Thus, the first two equations in the KKT system
lead to

—1 1
X = , Y= —
I+ py =1+

(note that 41 = —1, 1 cannot hold). By imposing the equality in the first constraint,

we have
() * (550)
+ =1,
1+ =1+

,u‘lt—4,u%—1=0.

(36)

or, equivalently
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The unique real and positive solution is v/ V5 + 2, from which, substituting in (36),
we get the point

X =

1 1
S N S—
1+VV5+2 —1+VV5+2

which, however, does not satisfy the second constraint. A similar result holds for the
case where only the second constraint is active. Thus, we can conclude that the unique
KKT point and, thus, the global minimizer of our problem is x* = 0, y* = 1, with
global minimum value equal to —3.

5 The case of non commuting matrices

In this section, we no longer assume that A and Q commute. This case can still be
solved with the ideas presented in Sect. 4. In order to make the paper more readable, in
this section we present the main results, while all the intermediate (and more technical)
results are presented in Sect. 6. In Sect. 5.1 we discuss the complexity of computing
approximate KKT points under suitable generic assumptions. In Sect. 5.2 we introduce
the approximation algorithm and prove that it is a polynomial-time algorithm. We
remark that, with a slight abuse, in this section we assume that the data of problem
(1) have a fractional part rounded at the kth binary digit as in the perturbed problem
(6). This is not true in general but is justified by the fact that, as we proved in Sect.
3.1, we can always find an approximate solution of (1) once we have an approximate
solution for the perturbed problem (6).

5.1 Solving the KKT system
As before, we discuss only the case when both constraints are active (the other cases

can be dealt with in a completely analogous way). Thus, the KKT points for which
both constraints are active are the stationary points of the Lagrangian

1 1 1
L(X, 1, p2) = EXTQX +q'x+ 1 (szX - 1) + po (§xTAx +alx— u) ,

(37
given by the solution of the following system of equations
Q+ il 4+ p2A)X+q+pa=0 (38)
1 7 1
X x—=-=0
2 2
1
5#Ax+¥&—u=0. (39)

We first need to introduce two hypotheses on the coefficients appearing in (1) that are
generically satisfied. The first one is the controllability of the couple (A, a).
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Definition 5.1 The pair (A, a) is controllable if
det(a, Aa, ..., A" 'a) £ 0. (40)

Controllability (40) is a property considered in the field of control theory. It is a
generic property. Indeed (40) is a non-zero polynomial on the entries of A and a that
defines an algebraic variety of codimension 1. Now, define the constraint functions
fi,fo:C"— Cas

fix) = s(xTx— 1)
f(x) = %XTAX +alx —u.

and, for i = 1, 2, define the complex algebraic varieties
Vi={xeC": f;(x) =0}.
The second hypothesis is transversality of sets Vi, V», defined as follows.

Definition 5.2 Manifolds Vi, V; are transversal if, for every x € Vi N V,, V f1(x) and
V f2(x) are linearly independent.

Geometrically, V| and V; are transversal if they are not tangent. It is well known that
transversality is a generic property. The main result of this section, about the detection
of the set of solutions of (38)—(39), is the following.

Theorem 5.1 If the couple (A, a) is controllable and if Vi, V, are transversal, then
the set of solutions of (38)—(39) can be approximated within precision €1 in polynomial
time with respect to the number of variables n, to the bit size of the rational coefficients
8, and to log (1/¢1).

The proof follows a reasoning similar to the case of commuting matrices in Sect. 4 and
is an immediate consequence of two propositions. Setting M(u1, 2) = (Q + w1 I+
n2A), the first proposition parallels Observation 4.1 and characterizes the solutions
of the first equation when M(u1, p2) is singular.

Proposition 5.1 If (A, a) is controllable, the subset of solutions of (38)—(39) for which
M1, o) is singular can be approximated within precision €1 in polynomial time
with respect to n, §, and log (1/¢1).

The second proposition characterizes the detection of KKT points for which
M(u1, (o) is non singular, generalizing Observation 4.3.

Proposition 5.2 [Ifthe couple (A, a) is controllable and if Vi, V» are transversal, the
subset of solutions of (38)—(39) for which M(u1, (2) is nonsingular can be approxi-
mated within precision €1 in polynomial time with respect to n, §, and log (1/¢1).

The proofs of these propositions will be presented in Sect. 6.
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5.2 The polynomial-time algorithm

Each KKT point x* is associated to exact solutions u7, i3, X* of (38)—(39). How-
ever, root-finding algorithms allow to find only an approximation 1, i, of the exact
solution. In this section, we present a method for computing a feasible solution x
associated to an approximated solution w1, py that guarantees that the value of the
objective function of problem (1) on x is arbitrarily close to its value on x*. This
result will be the basis for the definition of the polynomial-time algorithm for solving
problem (1). We first need to introduce some notation and a couple of definitions.
Let F = {x e R" : ||x|| < 1, 3x" Ax + a”x < u} be the feasible set of problem (1).
Recall that F is convex and has a non-empty interior. Define function v : R" — F as
v(x) = (1 — A)X + AXg where A = min{A : 0 < A < 1, (1 — A)X + AXy € F}, where
X is the strictly feasible point defined in (3). In this way, function v(x) represents
the projection of vector x into the feasible set F. The following decomposition of a
symmetric matrix will be needed in what follows.

Definition 5.3 Consider a symmetric matrix T, let A; denote its eigenvalues ordered
in increasing norm (i.e., |[A1] < |X2] < .-+ < |A]), and let v; be the associated
normalized eigenvectors. For a positive real €, set / = min{i : |A;4+1| > €} and define
the projection matrices

m=> v, THy=I1-T.

.....

Decompose matrix T as
T, =010,T,, T,=T-T,.

We call the pair (T, T,) the e-decomposition of T. Moreover, we decompose each
vector X € R" as x = x; + X, where

X, = gx, x; =Ijx,

and call (x;, X,) the Tlg -decomposition of x.
We also need to introduce the following class of functions.

Definition 5.4 Let0 = (Q, A, q,a,u,n,§) € A be the set of parameters appearing
in problem (1), together with 6 which is the bit size used in their float representation
(recall we are assuming that all data have a fractional part rounded at the kth binary
digit). A function ¢ : R x A — R s of class P if there exists a polynomial function
p such that

g (e, )] < €27 Vo e A.
Note that the sum of two functions of class P is also of class P. The following
proposition allows to associate to every approximate solution 11, iy of (48) a feasible

solution x such that the value of the objective function on x is very close to the value
on x*.
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Proposition 5.3 Let u}, 13, X* be a solution of (38) and (39). Let0 < € < 1, ju1, 2
be real constants such that

1
IT =TI, v — v¥|| < 562, (41)

where T = M(u1, p2), T* = M(uj, 13), v = —q — usa, v¥ = —q — pja. Let
(T;, Ty) define the e-decomposition of T, and (v;, vg) define the corresponding Tlg-
decomposition of v. Then, the following statements hold.

(i) Problem

x|l € [1 —€,1+€]
ixTAx +alx e [u— (3All + llall) e, u + (3IA] + llall) €] (42)
Tex = vy,

is feasible.

(ii) There exists a class P function ¢ (€, 0) such that for each feasible solution X of
problem

Xl € [1—2¢, 1+ 2¢]
IxXTAx+alx e [u—2(3 Al + lal)e,u+2 (GIA + lall) €] (43)
Tex = v,

v(X) is a feasible solution of (1) and |f (v(X)) — f(X™)| < ¢ (€, 0), where f(x) =
%XTQX +q’x

The proof of this result is given in Sect. 6.2. First we discuss its main implication,
which is also the main result of the paper. For some p > 0, we search for a p-optimal
solution of problem (1), i.e., a feasible solution X such that

f® = f&x) +p,

where x* is an optimal solution of (1). We first need a proposition whose proof is given
in Sect. 6.3.

Proposition 5.4 A feasible solution for (43) can be computed in polynomial time by
solving a convex optimization problem.

Next we introduce Algorithm 1 and claim it is a polynomial time algorithm to compute
a p-optimal solution for problem (1) (to be more precise, the algorithm should include
also the approximate computation of KKT points where only one constraint is active,
which are also KKT points of a trust-region problem where the non active constraint
is ignored, but such computation can be carried on in a way analogous to the case of
two active constraints) .
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Data: p: the required tolerance on the minimum value of the objective function;
£1: a positive tolerance value for the computation of the approximate Lagrange
multipliers;
Compute all the solutions (w1, u2)i,i =1, ..., M of system (38)—(39), within
the tolerance ¢ ;
foreach (uq, u2)i, i =1,..., M do

| Compute a solution x; of the feasibility problem (43).
end
Set j € argmin;=; __ m{f(v(x)};
return x* = v(x;).

Algorithm 1: Polynomial-time approximation algorithm.

The claim is proved in the following theorem.

Theorem 5.2 Let €1 be defined as follows

2

e1Z S (44)

and let € be derived from

1
n?2%e = —€>. 45)
2
Then, Algorithm 1 returns a p-optimal solution for problem (1) in polynomial time
with respect to n, 8, and log (1/p).

Proof For each approximate pair of Lagrange multipliers (1¢1, it2) we need to consider
the time 7] needed for its computation, plus the time 75 needed for the solution of the
feasibility problem (43). According to Proposition 5.4, time 7 is the time needed to
solve a convex optimization problem and is, thus, polynomial. Then, we only need to
compute time 77. Since €7 is the precision with which we compute the approximate
Lagrange multipliers (1, ®2,

lui —pil <er, i=12.
In view of the definition of T, T*, v, v*, it holds that
IT — T, [Iv — v¥|| < n*2%;.

Thus, in order to satisfy (41) we need to impose (45). According to Part (ii) of Propo-
sition 5.3, imposing
p=lp(e,0)] < 2P, (46)

we are able to detect a feasible solution whose function value differs by at most p from
the function value at the KKT point x* corresponding to the exact Lagrange multipliers
wi, p3. Formula (44) for the selection of the precision &1 is then a consequence of
(45) and (46). According to Observation 4.3, the approximate Lagrange multipliers
can be computed in time
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. 1
T1=0 (n68 + n®log (—)) .
€1

Recalling that a lower bound for ¢ is given in (44), and deriving a lower bound for
€ from (46), we have that the overall time 7; + 73 is polynomial with respect to n, §
and log(1/p). Since the number of KKT points is polynomial with respect to n, and
the global optimizer is a KKT point, we can conclude that a p-optimal solution can
be attained in polynomial time with respect to n, §, and log (1/p), as we wanted to
prove. O

6 Proofs of the intermediate results

This section is devoted to the proof of all the intermediate results needed for the proofs
of the main results.

6.1 Proofs of Propositions 5.1 and 5.2
Before proving these two propositions, we need some technical results. First, control-

lability is characterized by the following result (known as PBH test in control theory,
see for instance Theorem 4.8 of [15]).

Proposition 6.1 The pair (A, a) is controllable if and only if for every eigenvalue A
of A

rank (A — A1, a) = n.

The following lemma presents a consequence of the controllability of the couple
(A, a).

Lemma 6.1 Ifthe pair (A, a) is controllable, the set of values (11, 2 for which matrix

[Q + I+ 12A, q + poal

is not full rank is zero dimensional.

Proof 1f matrix

[Q + w1l + w2A, q + poal

is not full rank, its rows are not linearly independent and there is a non-zero row vector
w # 0 such that w[Q + w11 + u2A, q + nza] = 0, hence

w(Q + u2A) = —uw,  w(q + psa) = 0. 47)
Set v; = (Q + w2A) (q + iaa), then (47) implies

w[vo, Vi, ..., V1] =0,
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so that
det[vo, vi,...,v,_1] = 0.

(Note that this part of the proof follows the ideas of the PBH test for reachability in
Proposition 6.1). Function det[vg, V1, ..., V,—1] is a polynomial in @y of maximum
degree

1
d:1+2+...+n=n(nT+)'

Moreover, the coefficient of /,Lg (the coefficient of maximum degree) is given by
det[a, Aa, A%a, ..., A" 'a],

and is not null since (A, a) is controllable. Hence, the set of u, for which (47) has a
solution is finite, being constituted by the roots of a polynomial of degree d. Moreover,
for each of these values of 117, the set of 111 for which the first equation in (47) is satisfied
corresponds to the eigenvalues of Q 4 u>A and, again, is finite since it is given by the
roots of a polynomial of degree n. O

If M(ue1, pp) is not singular, x can be computed as a function of 1 and p, from (38).
Its substitution in (39) gives a system of two equations in the two variables w1, (2
with the following form

(q + poa)Tadj M(u1, p2)" adj M(p1, p2)(q + p2a) — det M(pq, p2)? = 0
(q + p2a)"adj M(p1, p12)" A adj M1, p2) (g + poa)
+2aTadj M(1, 112)(q + poa) det M(p1, 12) — 2udet M(py, u2)? =0,
(48)
where adj denotes the adjugate of a matrix. Its solution set V C C? is an algebraic
variety. We will show that, under the given hypotheses, generically satisfied, V is
zero-dimensional, hence, it is composed of a finite set of couples (w1, ;) that can
be approximated in polynomial time. The main idea of the proof is based on the
observation that, if the system were positive-dimensional, then it should have complex
solutions diverging to infinity, and then to show that, under the given hypotheses, this
cannot occur.
The following remark parallels Remark 4.1 of the commuting matrix case. It shows
that the set of solutions (i1, p2) of system (48) includes the couples discussed in
Lemma 6.1.

Remark 6.1 1f i1, ;p are such that matrix

[Q + il + oA, q + poal (49)

is not full rank, then Eq. (48) is satisfied.
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Proof The hypothesis implies that M (w1, p2) is not full rank and det M(u1, 2) =
0. Moreover, by the definition of the adjoint matrix, the ith component of
adj M(pe1, n2)(q + wnoa) is the determinant of the matrix obtain by substituting the
ith column of M (11, o) with vector q + ppa and it is O since matrix (49) is not full
rank. O

Consider now the equation obtained from (48) by homogenization, that is, the
system of homogeneous equations obtained by multiplying each monomial in (48) of
non maximum degree by a suitable power of the new variable ug € C

(1oq + 12a)T adj MM (10, w1, 12)Tadj MP (o, g1, 12) (moq + p2a)
—det MP (o, 11, 12)> =0

(1oq + 12a)T adj M (120, w1, 12)" A adj M™ (g, 121, 12) (10q + 2a)

+2p0a” adj MP (uo, 21, 12) (moq + p12a) det MP (e, o)
—2u det MP (119, i1, 12)* = 0, (50)

where M” (1o, 1, 2) = (1oQ + w1l + p2A) is the homogenization of M. It is
easy to verify that system (50) is homogeneous. The solution set W of (50) is a
projective variety (see Definition 5, Chapter 8.2 of [ 7]). Note that (48) can be reobtained
from (50) by setting ;o = 1 (dehomogenization). Since W O V, by Proposition 7,
Chapter 8.4 of [7], then W D V, where V is the projective closure of V, defined as
the homogenization of the ideal associated to V (see Definition 6, Chapter 8.4 of [7]).
The subset Woo = W N {(10, t1, 2) € P(C?)|o = 0} is called the subset of points
at infinity of W. This set is obtained by setting o = 0 in (50) and is given by the
solution of the homogeneous system

(12a)Tadj N(u1, u2)Tadj N(u1, n2) (oa) — det N(uq, p2)> =0
(2a)Tadj N(ui, u2)T A adj N(uq, 12)(10a) (51)
+2a”adj N(u1, p2) (12a) det M1, p2) — 2u det N(py, pa)* = 0,

where N(ut1, o) = (1I4+p2A). System (51) plays animportantrole in the discussion
of the solution set of (48). The following lemma shows that transversality of V; and
V, and controllability of (A, a) guarantee that (51) has no nontrivial (i.e., non null)
solution.

Lemma 6.2 [f the couple (A, a) is controllable and V| and V; are transversal, sys-
tem (51) has no nontrivial solutions.

Proof By contradiction, assume that (51) has a nontrivial solution (i1, (7). Assume
first that det N(u1, o) = 0, then pp # 0, since otherwise it would be 1 = 0. Being
the system homogeneous, it can be assumed that wp, = 1, thus 1 is an eigenvalue
of A. If matrix N(u1, 1) had rank lower than n — 1, the couple (A, a) would not be
controllable (by Proposition 6.1). Hence, N(u1, 1) hasrank n—1 and, by Theorem 4.7C
of [16], adj N has rank 1 and adj N(x1, 1)N(ue1, 1) = 0. Then, the image of N(u1, 1)
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coincides with the kernel of adj N(u1, 1). Moreover, the first equation of (51) implies
that a belongs to the kernel of adj N(u 1, 1) and, consequently, to the image of N(u 1, 1).
Then, there exists a vector v such that

v/ [N(u1, 1),a] = 0,

which, by Proposition 6.1, implies that the couple (A, a) is not controllable. At this
point, necessarily det N(u1, p2) # 0. In this case, in view of the first equation of (51),
we must have uy # 0. Then,

adj N(u1, u2)

x = —uaN(uy, M2)713 = —MZM )

is well-defined, and f1(x) = fo(x) = 0, i.e., x € V] N V>, holds. Moreover, by the
definition of x

w1V ix) + m2V L& = (il + uA)x + poa = N(ui, p2)x + ura =0,
which means that V| and V, are not transversal at x. O

The following lemma presents a property of the solutions of the homogeneous sys-
tem (50).

Lemma 6.3 If V| and V, are transversal and the couple (A, a) is controllable, then
the set of solutions of system (48) is zero-dimensional.

Proof Assume by contradiction that the set of solutions V C C? of system (48) is
positive dimensional. Let V € P(C?) be the projective closure of V. By definition of
a projective space (see, e.g., Section 2, Chapter 8 in [7]) the origin does not belong
to V. By Proposition 7 of Chapter 9.4 of [7], V # V, hence the solution set of the
homogeneous system (50) contains points at infinity. Note that (V \ V) C Weo, where
W is the set of solutions at infinity of (50), given by the solution set of (51). Hence
Wso contains a nontrivial solution, which contradicts the result of Lemma 6.2. O

Using the previous results, we can prove Propositions 5.1 and 5.2.

Proof of Proposition 5.1 If M(1, u2) is singular, (38) has a solution only if q+ uoa €
Im M(t1, n2) (the column space of matrix M (i1, ®2)), which implies that matrix

[Q + mil + u2A, q + pea]
is not full rank. Then, the result follows from Lemma 6.1.

Proof of Proposition 5.2 If M(j41, (u2) is nonsingular, x can be explicitly computed
as

adj M(up, p12)

- (q + pn2a).
et M(py, i) 1T H2

x = —(Q+ I+ 12A) " (q + o) =
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Its substitution in (39) and multiplication by the non-null term det M(st1, u12)? gives
the polynomial system (48). Note that multiplication by det M(x1, it2)* adds to the
zero set the values of 11, o for which det M (w1, o) = 0. The zero set of (48) is
zero-dimensional by Lemma 6.2. Since (48) is a system of two bivariate polynomial
equations of degree 2n with a zero-dimensional solution, its set of solutions can be
approximated in polynomial time (see [8]).

6.2 Proof of Proposition 5.3

Part (i) Consider the Tlg -decomposition (X}, x;) of x*, and set X = X}’ + X, where
X, is the solution of T¢X, = v,. Note that, by (38), T*x* = v*. We claim that X is a
feasible solution of (42). First, note that for any x € R", if x, = II,x and x; = II/x,
Tex = Ty (xg +x7) = TyXg, being Tyx; = 0. Moreover,

Ty (X — X5) = TyXe — (T + T, — MTX* = v — Mv* — (T, — M THX*
=T (v —v") — I (T — T*)x",

where we have used the identity IT, T = T,. Hence, since II, is a projection matrix,
[Ig]| <1and

ITg(Xg —xp)l| < v = V[ + T = T"||.

Observe that, by the definition of Tg, forany x € R”, [ TgX, || > €[|x,||. Beingx; = x;
and by bounds (41),

- - —1 < —1
X = x*[ = Xy = x5l <€ [ Te(Xg —xp)l <€ (Iv=v* [+ [T =T <e.

Seth =X —x*, then [[|X]| — 1| = [[|Ix* + h|| — [x*||| < [lh]| <€, and

1
‘EXTAF( +al’x—u

3
<el=JA
<e€ (2II I+ IIaII),

where we have used the fact that both equality constraints are active on x* and that
€ < 1. Hence, X is a feasible solution of (42).

x —x"HTAx — %(i —xHARX — x*) +al (x —x")

Part (ii) Let x be a feasible solution of (43). We first give a comment on the general idea
on this part of the proof. Since Tx* = vg, the equality condition in (43) guarantees
that the component of the error X; — Xj is infinitesimal with € (more precisely, we
will show that it is of class P). We cannot guarantee that the other component of the
error X; —X; is small, but we will show that this component of the error does not affect
significantly the value of the objective function (more precisely, we will show that
f(x) — f(x*) is aclass P function).
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Note that, by the definition of T* and v*, Vx € R”

1 1 1 1
EXT(T*X -V = f(x) + uf (—XTX - —) + w3 (—XTAX +alx— u)

2 2 2
1 T % 1 * *
+§x v +§M1 + pou. (52)

Since x* and v* satisfy conditions
T*x* —v* =0

1 1
z(X*)TX* —3= 0

%(X*)TAX* +alx* —u =0,

Equation (52) for x = x* writes as

1 1
0= f(x*)+ z(x*)’fv* + E“T + piu. (53)

Subtracting (53) from (52),

fx) = f(xX*) = —pj (%XTX - %) — W (%XTAX +alx - u)

1 1
+ EXT(T*X —v") — E(X —xTv*, (54

To prove the statement, we show that every term appearing on the right-hand side
of (54) is a class P function. Note that, by reference [9], |u}], |} < 294 S+6+27)
where d = 2n is the maximum degree of the polynomials in system (48), and t = nd is
the bit size of the coefficients of the same polynomials. Moreover, since X is a feasible
solution of (43)

1 1
- T =
i (3=3)

which implies that the first two terms of the right-hand side of (54) are class P func-
tions. Since T*x* — v* = 0, the third term of the rhs of (54) is rewritten as

< 4|uile,

1
13 (szAx +a'x— u) < |3l @lIAL+2]al) e,

1 1 1
EXT(T*X —v") = EXT(T*(X — X+ x") —vH = EXTT*(X —x"),

and

T"x—x") = (T*—T)+T)(x—x") = (T* —=T)(x —x*) + T(x, —x§)~|—T(xl—xl*).
(55)
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Thus, each term of the right-hand side of (55) is of class P. Indeed,

I(T* = T)(x = x| < T = T Ix — x*[| < [T =T (Ix[l + [Ix*[)

< —€%(2 + 2e),

| =

where we have used the facts that ||x|| < 1 + 2¢ and ||x*|| = 1. Moreover, by the
definition of Ty,

IT (i =x) | = | T2 (0 = x) || < €@+ 2e).
Next, we notice that
|7 (- %)

where the last inequality follows from (41). The last term on the right-hand side of (54)
is bounded as follows

1 T

3 ()

1
= 5 (lIxg — XVl + 2+ 26) v/l (56)

2

)

<e€

= [y =i+ |-

| = |1 = (T =T+ 1) x;

1

1
+ HE (x; — x;")Tv;"

Note that IIVZ,H, v/l < Iv*|l and [v*|| < llqll + [la]||5]. Conditions TyX, = v¢ and
T,x, = v, imply that X, = X,, hence, by part (i) of the proof ||x, — XZ || < €, which
shows that the first term of the right-hand side of (56) is of class P. Moreover,

1
V7 Il = 1Tl = 1T = Tx*) + Txj || < 562 +e.

Finally, x may not be a feasible solution for (1), since the constraints have been relaxed.
A feasible solution is given by v(x) and, as a last step of the proof, we need to prove
that the distance between x and the projection v(x) is of class P. Indeed, setting
ro = max{(3||A| + 2||a||)¢, 4¢} and following the same reasoning used in the proof
of Theorem 4.1, we obtain the bound

rn

—X|| < —— 2+ 2nr),
[vx) —x|| < r2 Fmin(cr, 2 (2+2r)

which concludes the proof. O

6.3 Proof of Proposition 5.4

For each (approximate) solution pair (w1, o) of the system (38)—(39), set T =
M1, p2), v = —q — p2a and let X, be the minimum norm solution of Tgx, = v,
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ie., X, = Tg,LVg, where Tg is the Moore—Penrose inverse of T,. Let P be an (ortho-
normal) basis matrix of the null space of T,. Then, a feasible point for (43) can be
computed by solving the following problem in variable y for some non null vector
w e R"

minw’y
Iyl + %1% € (1 —2€, 1+ 2¢)

1 3
E(Xg +Py)"A(xg +Py) +a’ (x; +Py) € |:u — (§||A|| + ||a||) 2¢, u

3
+ (zllAII + IIaII) 26]- (57)

Note that, in view of Proposition 5.3, which states the existence of a feasible solution for
(42), a strictly feasible solution for (43) exists for this problem, i.e., Slater’s condition
holds. Before proceeding, we make the following remark.

Remark 6.2 Exact computation of x, and P might not be possible, so that we need to
employ approximations X, = X, + AX, and P = P + AP. In this case, rather than
solving (57), we should solve

minWTy
3 3
2 < 12
1——¢, 14+ =
Iyl= + 1%, || E( 5 € +26)

1 _ _ B _ _ _ 3 3
5 & +Py)TA(x, + Py) +a” (X, +Py) € [u - (EIIAII + ||a||) Seu

3 3
+ (EIIAII + IIaII) 56} .

Provided that || AX, || and || AP|| are small enough (say, not larger than %), any feasible
solution of this problem is also a feasible solution of problem (57). Keeping this in
mind, in what follows we will assume that exact computation of x, and P is possible.

After diagonalization, where PT AP is replaced by QDQ, and the change of variable

7= QTy € R”/, where n’ = n — [, the problem to be solved is the following

’
. n
min > 7 w;z;

/
320z <o+ 2

%Z?/:ﬂiziz + z,’-‘;dﬂi <PBo+¢€ (58)
_% ;‘1/=1Z,‘2 < —qy + 2¢

1 ! ! ~
_52?2191‘Z1'2 — >0 dizi < —Po+E,
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with9; > 0,i =1,...,n, and:

ap =1 — [Ix,lI?
Bo=u— 3xI Ax, —a’

&€= (3IIAll + llall) 2e.

Xg

During the diagonalization we might introduce some approximation of the exact matri-
ces Q and D. We refer again to Remark 6.2 to deal with this issue. Note that we can
choose the values w;, i = 1,...,n’, arbitrarily. We claim that, for suitable choices
of the w; values, a solution of this problem can be detected in polynomial time. Note
that this is a result of independent interest. From the geometrical point of view, the
problem is equivalent to the detection of an approximate point at the intersection of
the borders of two axis-aligned ellipsoids.

After introducing the variables t;, i = 1, ..., n’, problem (58), can be rewritten as

!
min D wizi

!
Dt <o+ 2e

4 ’ ~
Dibiti + 2 dizi < Po+€
_Z:'l:lfi < —ap +2e

n' n' ~
—Diibiti =D dizi < —Po+ €
1.2 _ o
32 =1 i=1,...,n".

(59)

If we replace = with < in the last constraints, we are led to the following convex
relaxation of (58)

4
min 37 wiz;
4
Dt <o+ 2
n' n' ~
Dbt + 2 dizi < Po+é€
/
—>0 it < —ap + 2€
! I ~
=6ty — > dizi < —Po+ €

1221420 i=1,...,n.

(60)

As already remarked, a feasible solution for this problem exists even if we replace
2¢ in the right-hand side of the constraints with €, and € with % Thus: (i) the convex
problem (60) admits a strictly feasible solution and Slater’s condition holds; (ii) the
feasible region of the problem contains a 2n’-dimensional sphere whose radius is at
least O (ﬁ)
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The KKT conditions for the convex problem are

A+ A0 — A3 — g8 —v; =0 i=1,...,n
w; + Aad; — Aad; +vizi =0 i=1,...,n
S < g+ 2€

Dimbiti + 200 dizi < Po + €

—S < —ag + 2

—Z?’;lé’m - Z?/:ldizi <—Bo+¢€

1
2
Al (Z?/:lti o 26) =0

A2 (Z?=1€iti + 2 1dizi — Bo — 5) =0

A3 (Z;z/:lti — o+ 26) =0

A4 (Z?:leiti + > dizi — Bo+ 5) =0
Ui(%ziz_ti)zo i=1,...,n
)\'1’)"29)"37)"4’1)1'20 i=1,...,n/,

2 .
77 <t i=1,...,n
e (61)

where A1, Ay, A3, A4 are the Lagrange multipliers of the first four constraint, while v;,
i =1,...,n, are the Lagrange multipliers of the constraints %z? <t.Ifv, >0Vi,
then the convex relaxation is exact. In particular, if this is the case, a feasible point
for (43) can be computed by solving a convex problem in polynomial time, which is
exactly what we want to prove. To see that v; > 0 Vi, let us assume by contradiction
that v; = O for some i. We show that, under suitable choices for the values w;, we are
led to a contradiction. Let

Jmin = {i : 91'59]', j:l,...,n} Jnax =1{i : 9[291', J:l,,n}

We impose:
o w; #0Vi;
o« T # lg—;w # j such that d;, d; # 0;
o if [Jyin| = 1 or |Jnax| = 1, select an index j according to the following rules

Jmin Y Jmax if |Jmin|’ |Jmax| =1
J & Jmin if [pinl = 1, |Jmax| > 1 (62)
Jmax if [Jminl > 1, [Jmax| =1

and set w; large enough so that for each i € Jyin U Jyax if [Jminl, [Jmax| =1
(respectively, i € Jyi, ifonly |Jpin| = 1, and i € Jyqy if only [Jyax| = 1)
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. 2
1 —wj+ 3d;
-(—;L—il) > ap + 2e. (63)

2\ B0 —0))

Note that 6; — 6; # 0 holds in view of the rule (62) used to select j.

We first remark that we cannot have v; = 0 when d; = 0. Indeed, in this case
w; +v;z; = 0holds with w; # 0. Next, we remark that we cannot have two distinct i, j
suchthatv; = v; = 0.Indeed, in view of w; +A2d; —A4d; = Oand w;+Ardj—Aad; =
0, we should either have

w wi
h=——"=--1
d; d;
or
w w
==L
d ~ d;

which is not possible. Then, only a single value v; can be equal to 0. But if v; = 0,
then
M+ A0 — A3 — 246, =0

(64)
w; + Apd; — Agd; = 0.

Since w; # 0, then either A > 0 or A4 > 0 (not both, since we cannot have both
constraints active). Similarly, exactly one among A; and A3 must be strictly positive.
Let us consider the possible combinations.

A1, A2 > 0 In this case it follows from (64) that

A O =g
2 = di s 1 =0 di s
so that, in view of 6; > 0, either A or X, is negative, which is a contra-
diction.
A3, 4 > 0 Similar to the previous case.
A2, A3 > 0 In this case we have from (64)

A = g = —;
From A6 — A3 —v; =0, j # i, we must have

Wi . .
—(0; = 0)) Vj#i.

VvV, =
J
di

Note that 6; # ¢; must hold, otherwise v; = 0, which is not possible, as

already commented. In view of v; > 0,V # i,and since Ap = — % > 0,
we must have that

vi=0=06 <0; Vj#i.
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In other words we must have i € J,i, and |J,,in| = 1. Now, let j be
selected as in (62). From w; + A2d;j +v;z; =0, j # i, we have

—wj+15—;dj
=
TG - 0))

In view of the definition (63) of w; we have t; = %23 > ap + 2€, so that
D iti < ag + 2¢ is violated;

A1, A4 > 0 similar to the previous case with Jy,4x replacing Jy,iy.
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