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Equation of Motion for the Solvent Polarization
Apparent Charges in the Polarizable Continuum

Model: Application to Real-Time TDDFT
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Abstract

When a solute charge density is evolving in time, e.g., due to an external perturba-
tion, the solvent reaction field also becomes time-dependent, in a non-trivial way due to
the delayed response of the solvent polarization rooted in its frequency-dependent di-
electric constant. In Polarizable Continuum Models, the time-dependent reaction field
is represented by time-dependent apparent surface charges. Here, we derive general
expressions for such charges. In particular, for all the main flavors of PCM, includ-
ing IEF-PCM, we show how the frequency-dependent dielectric function terms can
be singled-out in diagonal matrices, most convenient for Fourier transforming. For
spherical cavities such formulation highlights the relation with multipolar solvation

models, and, when applied to the related context of metal nanoparticles, discloses a
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direct connection with multipolar plasmons. Using the Debye dielectric function, we
derive a simple equation of motion for the apparent charges, free from system history.
Such equation has been coupled to Real Time - Time Dependent Density Functional
Theory (RT-TDDFT), to simulate the time evolution of the solute density rigorously
accounting for the delayed solvent reaction field. The presented method seamlessly
encompasses previous non-equilibrium approaches limited to an instantaneous solute
potential change (e.g., a sudden electronic excitation), does not require additional as-
sumptions beside the basic PCM’s and it is not limited to iterative inversion procedures.
Numerical examples are given, showing the importance of accounting for the delayed

solvent-response effects.

1 Introduction

The dynamic behaviour of the composite system given by a molecule interacting with an
external medium is better studied when the equation of motions of the entire system can be
resolved into two, coupled equations of motion, one for the molecule and the other for the
medium. This approach is particularly appealing to study the time-dependent phenomena
of molecules in solution, where the time-dependence is not limited to the solute but it is
also present for the solvent.! More complex systems, such as molecules interacting with
nanoparticles? can also benefit from such approach.

When a molecular solute is in a non-stationary state, evolving in time according to the
quantum-mechanics (QM) equation of motion (i.e. the time-dependent Schédinger equation),
its charge density will be time-dependent, and the polarization induced in the solvent by such
charge density will be also time-dependent. The time dependence of the solvent polarization
is intrinsically complex: due to the presence of delayed components, the solvent polarization
at a given time will be a function of the charge density at all the previous times. The main
aim of this paper is to show how this complex time-evolution of the solvent polarization

can be described by a suitable equation of motion, that should be consistently coupled with



the QM equation of motion of the molecular solute in order to give a coherent and detailed
description of time-dependent phenomena of molecules in solution.

We consider the case of a molecule-solvent systems as described by the Polarizable Contin-
uum Model (PCM) family of implicit solvation models,® descendants of the original Miertus,
Scrocco and Tomasi proposal.* The choice of focusing on PCM is related to the contributions
that we have given in various times to its development, as well as to its current importance
and widespread use. However, the relations which will be derived in this paper may be
extended also to other implicit solvation models.®>*? In PCM, a QM solute is hosted in a
cavity of a dielectric medium representing the solvent and the polarization of the medium in-
duced by the charged distribution of the solute is completely represented by apparent surface
charges placed on the cavity boundary.

For time-dependent PCM problems, the responsive properties of the medium are char-
acterized by the full spectrum of solvent frequency dependent dielectric permittivity e(w),*®
and the basic equations relating the apparent surface charges to the charge distribution of
the solvent are given in the frequency domain w.?'4% We remark that these basic relations
are obtained from the equations for the time-independent PCM problem, by replacing in the
PCM solvent response matrix the static dielectric permittivity with the frequency dependent
permittivity.

Nowadays, PCM comprises a family of models, which differ in the representation of the
PCM solvent response matrix and in the solute quantity entering the equations determining
the apparent charges.? In this paper we will consider the frequency dependent PCM response
matrices of all the main members of PCM: D-PCM,* IEF-PCM, "8 and C-PCM. ' As a first
result of this work, we show, for the first time, that it is possible to single-out the frequency
dependent term of the PCM response matrix not only for the straightforward C-PCM case
but also for D-PCM and for IEF-PCM. The frequency isolated form of the PCM matrices
has many advantages. First, when it is applied to a spherical cavity it highlights a relation

between the PCM and the multipole-expansion based solvation models.*%!%2% Second, in



the case of the calculation of the optical properties of a spherical nanoparticle, it discloses a
direct connection with multipolar plasmon resonances. However, the main advantage of the
frequency isolated form lies in the derivation of PCM apparent charges in the time-domain.

Generally speaking, the apparent charges in the time-dependent PCM are obtained by
the inverse Fourier transform of the frequency domain PCM charges.?2® We show that
when the frequency isolated forms of the PCM matrices are used, it is possible to obtain a
computational expression of the apparent charges in the time-domain which is able to treat
an arbitrary time evolution of the charge density. This generalizes previous PCM approaches

2527 inversion procedures.

limited to (multi)-step evolution and approximated?® or iterative
The equations of motion for the polarization charges are finally obtained by taking the time
derivative of the polarization charges expression as a function of time. Generally, these
equations of motion are non Markovian and they are non local in time with respect to
the time-dependent variation of the charge density. However, when the solvent dielectric is
approximated as a Debye solvent?® we could obtain a set of closed-form equations of motion
for the polarization charges that depend on the solute charge density only at the given time.

Such equations of motion for the polarization charges of the solvent in the Debye approx-
imation have been coupled with the real-time implementation of the PCM time-dependent
density functional theory (PCM RT-TDDFT), and a numerical integration of the resulting
system of equations has allowed following the time evolution of all the components of the
solute-solvent system.

The present formulation generalizes our previous PCM RT-TDDFT method for the de-
scription of the interaction of a molecular solute with an external electromagnetic field.??
With respect to other RT-TDDFT-PCM formulation for non-equilibrium solvation, 26 the
present approach allows for a description of the polarization of the solvent with an arbitrary
time-dependent evolution of the charge distribution of the molecular solute and contains no
approximation besides the basic PCM’s.

The paper is organized as follows: in section 2 we present the theoretical developments



that allow to write an equation of motion for the apparent charges and the computational
implementation of the coupled PCM RT-TDDFT equations, then in section 3 we present
numerical results that remark the importance of considering non-equilibrium effects and
finally we draw the conclusions. The appendices contain the derivation that connects PCM
to multipole-expansion for spherical cavities (appendix A) and a digression on the relation
between the theory developed here and the plasmonic resonances of metal nanoparticles

(appendix B).

2 Theory

The equations providing the apparent charges in the frequency domain q(w) are well known

for all the PCM flavors considered here (C-PCM, IEF-PCM, D-PCM).? The general form is

q(w) = Qw) g(w) (1)

where the matrix Q and the array g are given by:

C-PCM:
QCPCM — f(w)s—l
flw) = _6(“})—_1
€(w
gCPM  — V(W) (2)
IEF-PCM isotropic:
QFF - _g! (2w6(°")—+11—DA> B (271 — DA)
e(w) —1
gIEF — V(w) (3)



D-PCM:

-1
QPPeM — (QWE(W> + 1A—1 _ DT>

g”" M = Eu(w) (4)

Here, A is the diagonal matrix of the tesserae areas, V(w) contains the values of the
frequency dependent potential generated by the oscillating molecular density at the positions
of the tessera representative points §;, E,(w) contains the components of the associated
electric field normal to the cavity surface (77) and the S and D matrix are defined in terms

—

of Si.

(5 - 5) i, 1
e Sij = |_,—_, (5)

§i — Sil

D =55

The charges in the time-domain, q(t), can be obtained by inverse Fourier transform-
ing q(w). However, in their traditional forms recalled here above, only for C-PCM it is
straightforwardly possible to single out the frequency dependent term and to perform the
Fourier transform without having to numerically invert non-diagonal matrices at several fre-
quencies.3! In the first part of this section, we shall show how to rearrange IEF-PCM and
D-PCM equations so to avoid such unfeasible numerical approach, without relying on ap-
proximations and iterative inversion procedures as done previously.?*?> In the second part,
we shall provide the expression of q(¢) suitable for a generic frequency-dependent dielectric
function €(w); in the third part, an equation of motion for the charges in the case of a Debye
dielectric function will be given, that is the most suitable to be coupled with RT-TDDFT.

The details of this coupling are given in the last part of this section.



2.1 Singling-out the frequency dependence from the IEF-PCM

and D-PCM matrices

The starting point is given by the IEF-PCM and D-PCM matrices reported as equations (3)
and (4) above. Here we describe the details of the treatment for IEF-PCM only, as D-PCM
follows a similar treatment, and for the latter only the final results will be given. Notably,
up to a sign change in the definition of the matrix D, the IEF-PCM equation is also the
form used for investigating the optical properties of nanoparticles and of molecules close to
nanoparticles,? so what follows applies also there.

From the IEF-PCM eq.(3), the vector of the frequency domain charges q(w) is given by:
1 -1
a(w) = (mﬁ(“’)—fls - DAS) (271 — DA) V(w) (6)

We now write S = S'/28%2. This is possible as S is symmetric and positive defined.

Then:

e(w)+1
elw) —1

—1
qw) = — (QW St/281/2 — DASI/QsW) (271 — DA) V(w) (7)

and, collecting one S'/2 on the right and one on the left of the inverse matrix in eq. (7):

(w)+1 -
qw) = —SV2 (278 T 1 g-l2pAg?) g2
e(w)—1
(271 — DA) V(w) (8)

The matrix S~/2DASY/? appearing in the above equation is symmetric, i.e., it is equal to

its transpose SY2AD'S /2 as a consequence of the relation:'®

DAS = SAD' (9)



Therefore, such matrix is diagonalizable, i.e.,:
S~V2DASY? = TAT' (10)

where T is the unitary matrix of the eigenvectors and A is the diagonal matrix of the real
eigenvalues. Actually, in the computational practice, eq.(9) is only approximately valid and
therefore S™/2DAS'/? is not exactly symmetric. In this work, the matrices T and A have
been obtained by diagonalizing instead the symmetric matrix 1/2 (Sfl/QDASU2 + Sl/QADTS”/Q).
Incidentally, this symmetrization is used in the implicit solvation method developed by Chip-
man. 5

Now, by using the diagonal form eq.(10) in eq.(8) we get:

qw) = —-S7V2T (%dwi—il — A) B TIS™/2 (271 — DA) V(w) (11)

e(w

We underline here that the above-presented procedure, i.e. the steps that allows to write
eq.(11) starting from eq.(6) is an example of solution of a generalized eigenvalue problem 3
applied to the matrix DAS. Moreover, to provide a parallelism with the Roothan-Hall

32 we underline that the matrices S and S™Y/2T play respectively the role of the

equations,
overlap matrix and the expansion coefficients matrix. Equation (11) can be further simplified
by transforming also the remaining D matrix. Inserting I = S/2S~1/2 just after DA in eq.

(11) and exploiting the same diagonalization as before, we arrive at:
e(w)+1 -
qw) = —S7V?T <2wm1 — A) (271 — A) TTS™V2V (w) (12)
e(w) —

Let us call K(w) the product of diagonal matrices appearing in this equation, i.e.:

K(w) = (25(“)—11 - A) onT - A) (13)



K is diagonal and its elements are readily obtained as:

2 — Au

e(w)+1
2w e(w)—1 - Au

Kii(w) = (14)

In the case of spherical cavities, the values of K; and their degeneracy have a clear connection
with the multipolar expansion of the reaction field. Indeed, for a spherical cavity it is
possible to demonstrate that the spherical harmonics Y}, are eigenfunctions of the integral
Calderon operators S and D (whose discretized representations are the matrices SA and
DA, respectively), by spanning the Coulomb potential on spherical harmonics and using
their orthogonality.3® This is shown in appendix A, where we found that for a spherical
cavity the eigenvalues A;; and Ky;(w) can be labeled with im (I = 0,1... and m = —I, ..., 1),

have degeneracy 2! + 1 and are given by:

2
A, = — 1
fm 20 + 1 (15)
K,, = fw) — 1 (16)

e(w)+1/(1+1)

In the lowest [ elements of K,,, one recognizes the dielectric constant-related standard factors
of the Born (I = 0), Bell (I = 1) and Abraham (I = 2) models.?* This result is quite relevant,
as it creates a bridge between PCM and multipole expansion-based solvation models. In the
numerical section we shall show to which level these relations are fulfilled numerically. The
diagonalized IEF-PCM form is also useful when this method is applied to calculate optical
properties of metal nanoparticles,? see appendix B.

When the diagonal matrix K(w) is introduced into eq. (12), we obtain:

qw) = —STV2TK(w)TIS™2V(w) (17)



which defines a IEF-PCM matrix QF(®);

Q"W = —§7ATK (w)T1S ™'/ (18)

where the superscript IEF(d) denotes the use of the diagonal matrix K(w) in building the
response matrix.

The new form of the IEF-PCM matrix (18) has a definite numerical advantage in any
situation where the response at several frequencies is required. In fact, once S'/2, S=1/2,
T and A are obtained at the beginning of the calculations (requiring however two matrix
diagonalizations), they can be used as are, changing only K(w). Thus, per each frequency
of interest, one matrix inversion of the standard IEF-PCM is replaced by two matrix-times-
vector multiplications. Also, it allows storing only the matrix S™'/?T and the diagonal
matrix A. However, the real advantage of this form is evident when the Fourier transform
to the time domain is taken. This is the subject of the next section. Finally, we give here

the corresponding expression for the D-PCM approach:

q(w) = —S72TKPPMTISIZAE, (w)
1
KPPCM((JJ) —
w e(w)+1
2m o1 — M
KDPM = 0 i #j (19)

2.2 Time-dependent apparent charges as history-dependent quan-
tities

The general expression for time-dependent charges can be promptly obtained by Fourier
transform of eq.(2). For C-PCM and IEF-PCM (we omit D-PCM for its similarity with
IEF-PCM) this leads to:

10



C-PCM:

qlt) = / T - STV

/ > dw —iw(t—t'
fe—t) = [ SEe ) (20)
IEF-PCM:
q(t) = —/ dt' STVATK(t — ) TIS V2V (¢)
Kiu(t—1) = / ;l_c;e_iw(t_tl)Ki‘(w)
Kyt—t) = 0 i#j (21)

In this form, both f(t —t') for C-PCM and K(t — t') for IEF-PCM can be computed
once for all at the beginning of the calculation for the given dielectric function €(w) and then
applied to any V(t'). We remark that both time dependent kernels f(t —t') and K(t — t/)
are 0 for ¢ > t, assuring that the causality principle is satisfied. This naturally results from
the Fourier Transform of the corresponding frequency dependent quantities. We shall now
explicitly derive the equation of motion for the PCM apparent charges for a specific, but

very relevant, choice of a frequency dependent dielectric constant, i.e., Debye’s: %

€0 — €4

e(w) =€+ (22)

1—wrp

where 7p is the (transverse) dielectric relaxation time, €, is the dynamic dielectric constant
and €, the static dielectric constant. Note that the sign of w in the denominator is determined
by the convention used here for the Fourier transform.

Let us start the derivation for the case of C-PCM which allows various simplifications.

11



Within C-PCM, we have specifically

fD(w) _ (Gd — 1)(1 — iWTD) + €y — €4 (23)

Ed(l — iWTD) + €0 — €4

and we also define the C-PCM function f and matrix Q°TM for ¢; and eq:

€qg — 1 _
fa= L Qg — s (21)
d

fo=—"—, QM= fs (25)

Performing the integral in eq.(20) and after some algebra, we end up with the following

equation for the charges:

0 —(t—t")/Tcpem
a) = [ ar [fdw—t’)+6—@<t—t'><fo—fd> SV(¥)

00 TcpPCM
CPCM o e (t=t)/rereum N/ (ACPCM CPCM /
= Qi V({)+ dtl ———0(t —t)(Qy " —Q; )V(t)
—0 TCcpPCM
(26)
where:
€
ToPCM = Tp— (27)
€o

is the relaxation time for C-PCM and turns out to be the longitudinal relaxation time of the
dielectric and ©(t—1t") is the Heaviside step function. The latter ensures the correct causality
condition®® as stated above, i.e. only the values of the potential at times ¢’ < ¢ contribute
to determine the charges at time t. Equation (26) encompasses the evolution after a sudden

change of the solute potential as a special case. In fact, let us suppose that the potential

12



V() has an abrupt jump at t = 0:

V)=V, t>0 (28)

where V, may be the potential proper for the molecular ground state and V. the potential

for an excited state. Just after the jump (i.e., for t = 07) we get from eq.(26):
a0") = QPN+ (Q5" — QYFMY, (20)

that are the correct non-equilibrium apparent charges for the system. The inertial polariza-
tion then relaxes with constant 7cpcy, reaching asymptotically the new equilibrium values

q = Q§FMV, for t — oo.

For the diagonalized IEF-PCM, the procedure is very similar to that illustrated for C-
PCM, although the algebra is more cumbersome. In particular, we end up with the following

equations:

alt) = Qv+ [ QEEY - v (30

—00

where QZEF(d) is the Qgi(d) matrix defined in eq.(18) calculated for ¢; and Q]Iii(d) (t—1t)is

defined from eq.(18) in terms of a kernel diagonal matrix Kpep (¢ — t') whose elements are:

=)/
Kpebii(t —t') = ————O(t — t') (Ko — Kai) (31)

Ti

Koy and Ky are built using €p and €4, respectively, in eq.(14). At odds with C-PCM,
the full IEF-PCM matrix has multiple relaxation times, which sounds reasonable since in a

simpler Onsager-type model, each multipole has its own relaxation time. The expression of

13



7; 1s given in terms of the eigenvalues A;;, defined before, as:

(27T - Aii)ed + 2 + A”

- 32
7 D (27T - A“’)EO + 2w + Au ( )
For a spherical cavity, based on the expression for A, in eq.(15), we get:
I+ 1eq+1
Tim = TD+———— 33
P T 1)eg + 1 (33)

Once more, as a function of [ we obtain relaxation times related to the charge (I = 0,
Too = Tpé€a/€o), dipole (I = 1, 1, = Tp(2e4+1) /(269 +1), the Onsager model expression) 3537

and higher multipoles.

2.3 Equation of motion of the time-dependent apparent charges

for the Debye relaxation dielectric function

When the frequency dependence of the dielectric function is chosen to be Debye’s (i.e.,
eq.(22)), it is possible to derive a differential equation for q(t) that is most suitable for
implementation in a RT-TDDFT framework. We consider first the C-PCM model. Taking

the derivative of eq.(26), we get:

) = QEPONV(H) £ — L (Q§PON — PV (r) +

TCPCM
o e (t=t)/rcren I\ ( (\CPCM CPCM /
- dt 72—@(?5—75)( o Qi V() (34)
o CPCM

if we now rearrange eq.(26) as:

I N ((CPCM _ CPCM N _ CPCM
dt' ————0(t — t')(Qg Qg V(') =q(t) — Qq V() (35)

00 TCPCM

14



and use it to replace the integral in eq.(34), we end up with a differential equation for the

charges that reads:

) . 1
qt) = QFFMV(t) + ——QF" MV (t) —
TCcPCM TCcPCM

q(t) (36)

This equation is very convenient for numerical implementation in the RT-TDDFT framework,
as it does not require to store all the potentials at previous steps. Obviously, for static charges
it reduces to the normal, time-independent, C-PCM equation.

For IEF-PCM (and D-PCM), it is also possible to write a differential equation for the
apparent charges, since the evolution is just a linear superposition of exponential decays.

The resulting equation is formally more complex:

at) = Q" VE) +QV(t) - Ra()
(37)
where
Q = ST lKTiS Y2 (38)
R = S Y21y iTisl/? (39)
and 77! is the diagonal matrix with elements 1/7; defined in eq.(32).

It is straightforward to note that if we assume 7; = 7;gp for each 7, we get simpler, C-PCM

like, equations for both the apparent charges and their derivatives:

o —(t=t")/TEF
at) = Qv+ [ ar e 1) Q" - Q) Vi)
—00 TIEF
(40)
. 1 1
qt) = QI IV + —Q V() - —q (41)
TIEF TIEF

15



How to choose the single relaxation time 7gp is not unique. One possibility would be to
choose the same relaxation time of the simpler C-PCM model, or the result for the Onsager
model (Tons = Tp(264 +1)/(2€0 + 1)).2> 37 If a simple strategy to choose 7igr is not at hand,
the full equation should be used. It is to be remarked that to build Qg and Qg in eq.(41)
there is no need to go through the diagonalization and the K matrix. They can be obtained
as usual exploiting the standard IEF definition eq.(3), i.e., we can replace Q{)EF(d) and QZEF(d)
by QIFF and QFF.

Finally, in view of the implementation in a RT-TDFT code that will be described in the
next section, we note that besides the overhead for the initial matrices diagonalization (to be
done once), there is no additional overhead for IEF-PCM (eq.(39)) with respect to C-PCM
(eq.(34)) since, the required matrices are time independent and can be calculated once and

for all at the beginning of the simulation.

2.4 Equation-of-motion time-dependent PCM

The general PCM non-equilibrium formalism presented in the previous section can be easily
coupled with the standard RTTDDFT framework, as recently shown for an equilibrium ap-
proach? and as previously done for approximated non-equilibrium implementations. 2¢:3% We
recall here that within such PCM-RTTDDFT formalism the time-dependent representation
matrix of the Kohn-Sham PCM (KS-P) operator for the solvated system (FEgp) includes a
solute-solvent interaction term (VFCM) that represents the electrostatic potential operator

generated by the time-dependent charges (q):
Frdlp(t) = Frs + VEMa(6)] — - En(t) (42)

here the dipole approximation in the length-gauge is used to express the radiation-matter
interaction contribution in terms of the matrix associated to molecular dipole moment op-

crator (fi) and the time dependent Maxwell field (E;(t)); the cavity-field effects? are not

16



considered here for the sake of simplicity, but they can be included in terms of an effective
molecular dipole moment.3® The FE’SO term includes both the KS kinetic energy and poten-
tial operators and the dependence on the one-particle density matrix of the system (P) is
explicitly reported as apex to recall that this term implicitly depends on time as the density
matrix is evolving. Atomic units are used throughout the entire article.

In line with the standard RT-TDDFT formalism,3? ! the equations of motion for the
PCM-RTTDDFT approach can be written in a convenient matrix form, once defined an

orthonormal basis set, as follows:
[Figle, P = iP(t) (43)
Equation (43) can be then formally integrated to give:*?

P,.,=U.wrq, P, U!
t+dt FKSC—IP t Fié?p

(44)

where P; and P, 4 are the density matrices at times ¢ and t 4 dt respectively, and UFE’s(fp
is the representation matrix of the time propagator,?? relative to the initial time ¢ and the
final time ¢ + dt, expressed in terms of the representation matrix of the KS-P operator. A
convenient formulation for the time propagator exploits the Magnus expansion®® and the
Gauss-Legendre quadrature** to provide a suitable form for increasing level of approxima-
tions. In this work we employ a second-order Magnus expansion (correct to o(dt?)),*? to

obtain the following working equation for the density matrix propagation:

_,FP.a dt .~P.,q dt
P, g ~ e Fxsr(3) P, oiFisp () (45)

We use the predictor-corrector algorithm®? to propagate the density matrix exploiting eq.
(45) and a diagonal form of the FE’S?P matrix to evaluate the propagator.4*%® The orthonor-

mal basis functions are defined from the standard atom-centered Gaussian basis set using

17



the Lowdin procedure. 3?2

The predictor-corrector algorithm is a two-step strategy to propagate the density matrix
at time ¢ + dt knowing P,. A first propagation (predictor step) to t + % is done to cal-
culate P, e needed to evaluate FE’S‘?P(t + %) Such first propagation is performed using

eq. (45) with a halved time-step (dt’ = %), and the density matrix (P

5 ) needed to

t+4t

evaluate Fod, (t + %) is calculated from P, using a linear extrapolation. Then, once built
KS-P 2 g p

Frdo(t + 4), the propagation described in eq. (45) is performed (corrector step).

In parallel to the propagation of the density matrix (eq. (45)), a numerical solution to

equations (36),(39) and (41) can be formulated by means of the Euler method,*® obtaining

respectively:
dt dt
a(t+dt) = QFFMV(t+dt) - V(1) + ﬁQSPCMV(w ~ roonalt) +a(t) (46)
qt+dt) = QFFVIV(t+dt) — V(t)] + dtQV(t) — dtRq(t) + q(t) (47)
alt+dt) = QIEFV(t+d) ~ V(0] + Qi V(D) - a(t) +a() (48)

Each of such equations, once coupled with the equation of propagation of the density matrix,
defines one of the three different flavors of PCM-RTTDDFT scheme we use in this work,
respectively denoted with the “CPCM”, “IEF(d)” and “IEF 70,s" labels.

We underline that the mutual coupling between the classical evolution of the apparent
charges (q), and the quantum evolution of the density matrix (P) is respectively mediated by
the molecular potential V in eq.s (46)-(48), that obviously depends on the density matrix,
and by the KS-PCM matrix FE’SC_’P in eq. (45), which has a dependence on the apparent
charges through the solute-solvent interaction term VFM[q(t)].

The way we couple the propagation of the PCM charges q with the predictor-corrector
algorithm is the following. Because the PCM charges are needed to evaluate the matrix
FE’SQ_'P, at times t + %ﬂ and t+ %, we start from the knowledge of the charges at the previous

dt

corrector propagation step, q(t — <), and we propagate them using a time-step dtq = %dt
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for the current predictor step, and dtq = dt for the current corrector step.

3 Computational application: Results and Discussion

In this numerical section, we first check the correctness and the numerical behavior of the
implemented equations of motions for the PCM apparent charges. To this end, we analyze
the case of a point-like unitary dipole “switched-on” at time t = 0 at the center of a spherical
cavity embedded in a dielectric solvent.

We then apply the PCM-RTTDDFT combined propagation procedure described in sec-
tion 2.4 to study the time dependence of the dipole moment of the helium atom and the
lithium cyanide (LiCN) and methylcyclopropene (MCP) molecules, when a time-dependent

electric field is acting on the system.

3.1 Computational details

Since our focus here is on solvent effects rather than the role of the xc functional, for the sake
of implementation simplicity we limit our computational application to one local functional,
BLYP.47 In fact, non-local functionals require the use of complex (i.e., having both a real
and an imaginary part) KS matrices in RT-TDDFT, making the implementation somewhat
more involved. Anyway, there is no specific theoretical issue with such functionals in time-
dependent PCM, and the approach we present in this work is also valid for them. All
calculations are performed at the BLYP/cc-pVTZ*® level of theory and the geometries of
the LiCN and MCP molecules are optimized in solution using the IEF-PCM model. We
used the static and dynamic dielectric constant of acetonitrile (¢ = 35.69 ¢4 = 1.807).
Considering that these are tests of the developed theory rather than a study on specific
systems, we chose a computationally convenient 7p of 2000 a.u. (48.38 fs). The simulations
time-step is dt = 0.2a.u. (4.838 as). The diagonalization procedure of the N x N complex

FE’SQ_'P matrix is performed by diagonalizing a 2N x 2N real matrix, that is built from the
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real and imaginary parts of the original N x N matrix (N = number of basis functions).’

All calculations are performed with a locally modified version of the Gaussian G09 (A02)
package.®® To couple our PCM-RTTDDFT routine with the original Gaussian routines the
Qo and Q, matrices are symmetrized and weights instead of charges are used to evaluate

P7q 3 51
the Fx§'p matrix.

3.2 The sudden switching-on of a dipole in a spherical cavity

The numerical time-dependent reaction field along the dipole direction (ER), obtained from

the time-dependent PCM charges (eqs. (46-48)) as follows

B0 = Y a2 (19)

r; |3

is compared with the analytic solution for the Onsager spherical model,?> 3" which takes the

following form:

0= a1 oy o0 () 1) 60

Here r; are the positions of the PCM charges, T, is the unit vector defining the dipole moment

direction, R is the cavity radius and the origin of the system of reference is placed at the
center of the cavity. Such comparison is reported in Figure 1. A perfect agreement between
the Onsager and the numerical profiles is found for both the IEF equations of propagation
(eq.s (47)-(48)), i.e., both considering the entire IEF(d) equations or the simplified version
with a single relaxation time chosen to be 7p,s. The shape of the C-PCM profile is in
line with the Onsager result, but the limit values at ¢t = 0 and ¢ — oo, are quantitatively
different. In fact, we have seen before that the relaxation time in C-PCM is different from
that in the Onsager expression, as well as the factors fy and f; that determine the initial
and final reaction fields. Nevertheless, differences are not large. A different f prefactor in

the C-PCM equations (notably f = —(e — 1)/(e + 1/2)) would match the Onsager results
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Figure 1: Reaction field profiles calculated with eq.s (49) (Onsager) and (50) in the case of
point-like unitary dipole at the center of a spherical cavity embedded in a dielectric solvent.
The labels “IEF(d)”, “IEF 70,s" and “CPCM” refer to the coupling of eq. (50) with eq.s
(47), (48) and (46) respectively.
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quantitatively.

Table 1: Diagonal elements of the matrices A, K, K; and 7, evaluated for the spherical
cavity used in the calculation of the reaction field determined by a point-like dipole. A
comparison with the theoretical values (A, K, and 7,,) reported in eq.s (15), (16) and
(33) is performed. Because of the 2] + 1 degeneracy of the theoretical values only one of
them is reported for each value of [. We limit this list to ¢ = 16 and we recall that within
this work 7p = 48.38 fs.

il Ay Ao | Kii K | Kagi Kam | 7 () 7m (£9)

1 0

-6.2831 -6.2832 | 0.9720 0.9720 | 0.4466 0.4466 | 2.450  2.450

2 11]-2.0949 -2.0944 | 0.9586 0.9585 | 0.3498 0.3498 | 3.084  3.085

3 -2.0949 0.9586 0.3498 3.084
4 -2.0949 0.9586 0.3498 3.084
5 2]-1.2581 -1.2566 | 0.9542 0.9542 | 0.3262 0.3262 | 3.292  3.293
6 -1.2581 0.9542 0.3262 3.292
7 -1.2581 0.9542 0.3262 3.292
8 -1.2581 0.9542 0.3262 3.292
9 -1.2581 0.9542 0.3262 3.292

10 3 ]-0.9008 -0.8976 | 0.9520 0.9520 | 0.3157 0.3156 | 3.392  3.395

11 -0.9007 0.9520 0.3157 3.392
12 -0.9007 0.9520 0.3157 3.392
13 -0.9007 0.9520 0.3157 3.392
14 -0.9004 0.9520 0.3157 3.392
15 -0.9004 0.9520 0.3157 3.392
16 -0.9004 0.9520 0.3157 3.392

Next, we consider how well the real PCM quantities for a spherical cavity satisfy eq.s (15),
(16) and (33). The first 16 diagonal elements of the matrices A, K, K, and 7, evaluated
for the spherical cavity, are reported in Table 1. The good agreement of the numerical
results with equations (15)-(16), can be systematically improved by increasing the quality
of the discretization of the surface (data not shown). We further underline here that, the
diagonal elements of the K matrices correspond to the the reaction field factors (up to the

cavity radius dependence) for the different terms determining the multipolar expansion of
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the reaction field.®?

3.3 PCM-RT-TDDFT simulations for He, LICN and MCP

Let us now consider the results of PCM-RTTDDEFT simulations. We use the following form

for the applied electric field:

B(t) = NZ% max {1 4 erf(t ;t)} (51)

which is a convenient expression for a time-dependent profile that can be switched on and
off in a smooth way. The amplitudes E["** can be both negative or positive, t{ and o; denote
respectively the centers of the error functions and their widths. Concerning LiCN, the field
is applied along the molecular symmetry axis, whereas for the MCP molecule the direction
of the applied field is the one of the off-ring carbon-carbon bond. We have used two kinds of
electric field profiles: a step-like and a sinusoidal-like profile generated using eq. (51) with
two and five erf functions respectively.

In Figures 2 and 3 we report the time evolution of the dipole moment component along
the applied field, with respect to its initial value (Apg), for the Helium atom and the LiCN
and MCP molecules. The non-equilibrium effects are clearly stronger in the LiCN and MCP
systems, as shown by the higher deviations of the “IEF 7p,,” and “CPCM” profiles from
the equilibrium one. This is reasonable, since in the case of LiCN and MCP the charges
pre-existing the external electric field perturbations are different from 0, while for He they
are initially null. For the electric field profile shown in Figure 2, the dipole clearly shows
the effects of the delayed relaxation of the solvent polarization, both after the switching on
of the field and after its switching-off. In the case of the sinusoidal-like electric field profile
(Figure 3), non-equilibrium effects can instead be seen as a quenching of the field-induced
dipole moment. In fact, the solvent reaction field is not able to adjust instantaneously to

the solute charge density and the solute dipole is thus not maximized. To show that these
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Figure 2: Dipole moment (Aug) profiles for He (fist row), LiICN (second row) and MCP
(third row), obtained by propagating the density matrix with the combined non-equilibrium
PCM-RTTDDFT scheme described in section 2.4. The labels “CPCM” and “IEF 79,,”
refer to eq.s (46) and (48) respectively. The initial value is taken as zero. The IEF-PCM
equilibrium value?® (“IEF equil”) is also reported for comparison. The electric field used
is of the form described in eq. (51) with parameters Ng¢ = 2, B = —EP* = 0.la.u.,
¢ = 2.42fs, #5 = 7.26fs, 0.5 = 0.484fs.
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Figure 3: Dipole moment (Aug) profiles for He (fist row), LiCN (second row) and MCP
(third row), obtained by propagating the density matrix with the combined non-equilibrium
PCM-RTTDDFT scheme described in section 2.4. The labels “CPCM” and “IEF 79,,”
refer to eq.s (46) and (48) respectively. The initial value is taken as zero. The IEF-PCM
equilibrium value?® (“IEF equil”) is also reported for comparison. The electric field used is
of the form described in eq. (51) with parameters N = 5, B = —%E;“ax = %Eénax =
—SEpe = Frex = (.lau., t§ = 2.42fs, t§ = 3.63fs, t§ = 4.84fs, t§ = 6.05fs, t{ = 7.26fs,
015 = 0.484fs. 95



effects are really due to the different time-behavior of the reaction field for the equilibrium
and non-equilibrium case, we also report the reaction field profiles for He in Figure 4. Its
behavior confirms the picture coming out from the dipole behavior, for both profiles of the

applied electric field.
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Figure 4: Reaction field profiles for He, obtained by propagating the density matrix with
the combined non-equilibrium PCM-RTTDDFT scheme described in section 2.4. The labels
“CPCM” and “IEF 70,s" refer to eq.s (46) and (48) respectively. The initial value is taken
as zero. The IEF-PCM equilibrium value® (“IEF equil”) is also reported for comparison.
The electric fields used are of the form described in eq. (51) with parameters (i) Neg = 2,
Erex = —ER = 0.1a.u., t§ = 2.42fs, t§ = 7.26fs, 015 = 0.484fs (left) and (ii) Net = 5,
Epax = —lppax — Lpmax — _Lpmax — pmax — () Ja.u., t§ = 2.42fs, t§ = 3.63fs, 5 = 4.84fs,
t§ = 6.05fs, tg = 7.26fs, 015 = 0.484fs (right).
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4 Summary and Conclusions

With the present work we have provided a general method to treat non-equilibrium, time
dependent solvation within the main versions of PCM (isotropic IEF, D-PCM and C-PCM).
Such result has been achieved by providing an expression for the PCM apparent surface
charges that account for the delayed polarization effects, due to the multiple-timescale re-
laxation of the solvent degrees of freedom. For IEF-PCM and D-PCM, a central role in this
approach is played by a diagonal formulation of the corresponding matrices, that we have
presented in section 2.1. It allows to single out the frequency-dependent dielectric-function
terms and thus to avoid the Fourier transform of the entire, non-diagonal, PCM matrix,
that would be computationally unfeasible. Furthermore, we have shown that such formula-
tion discloses a direct connection between the PCM and multipole-based solvation models,
linking, in the case of a spherical cavity, the eigenvalues of the PCM matrix with the fac-
tors of the multipolar expansion of the reaction field (section 2.1). Moreover, we have also
performed a similar analysis on the IEF-PCM approach applied to spherical nanoparticles,
that established a clear relation with multipolar plasmonic resonances. The diagonal PCM
approach has been successfully tested, in section 3, against the Onsager analytical model for
the reaction field within spherical cavities. The presented general approach does not require
additional assumptions beside the basic PCM ones and it encloses previous non-equilibrium
PCM formulations based on a sudden change of the solute wavefunction (such as an instanta-
neous electronic excitation) as special cases. Moreover, it is not limited to iterative inversion
procedures. 2

For generic frequency dependent dielectric functions, the expression of the time dependent
apparent charges contains hystory-dependent terms, that make the numerical solution quite
cumbersome. However, we have shown that in the important case of the Debye’s dielectric
function, it is possible to derive simple equations of motion for the apparent charges that do
not involve the history of the system. Coupled to a recent PCM implementation of Real-Time

TDDFT,? such differential equations lead to powerful working equations for solute density
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propagation in solution, that rigorously account for the delayed solvent polarization (non-
equilibrium effects). In perspective, the extension of such equation of motion to Debye’s
dielectric function with multiple relaxation times seems straightforward. For frequency-
dependent dielectric functions tabulated at discrete frequencies (e.g., from experiments or
molecular dynamics (MD) simulations), the definition of apparent charges in terms of a time
integral given here can be used, although it is computational more cumbersome than the
equation-of-motion approach. If the experimental or MD dielectric function can be fit to
a sum of Debye terms, the strategy of using the proposed equations of motion with the
parameters from the fitting is certainly more convenient.

The results obtained on test systems (He, LICN and MCP - reported in section 3) by
applying time-dependent electric fields with various profiles in time, show the significant
difference between an equilibrium and a non-equilibrium solvation approach, highlighting
the importance of taking into account such delayed solvent-response effects.

Here we have not considered local field effects, that are important for realistic spectro-
scopic applications.?? As a future perspective, the non-equilibrium description of the solvent
polarization presented in this work can be straightforwardly extended to the cavity-field

treatment in PCM, where the solvent response is the one relative to the external field.

Acknowledgement

SC acknowledges funding from MIUR, under the PRIN grant 2012A7LMS3_003. RC would

like to thank Gaussian, Inc. for collaboration

28



A Deriving IEF(d) matrices for spherical cavities

In this section we show that spherical harmonics Y}, are eigenfunctions of the Calderon
integral operators S and D, and thus that the diagonal matrices A and K have the elements
given in eqs.(15) and (16). Let us start considering the action of S on Y}, (6, ¢) for a spherical

cavity of radius R:

S.Ylm:/ds L s Yinl) (52)
s |8'—35

where the integral is on the sphere surface. Replacing the Coulomb term with its expression
in terms of spherical harmonics, and recalling that integrating on a sphere surface means to

integrate on the spherical variables 6 and ¢:

Z Z RQ/ dcos@/ d¢2l’ 11,—+1

=0 m/=—U
4R
20+ 1

Yo (6, 0) Y (0, &) Yim (0, 6) = Yim (', ¢') (53)

For D the procedure is only slightly more complex. Recalling that for a spherical cavity 7 - v

is simply the derivative with respect to the radius in spherical coordinates, we have:

- 1 41 R? d [ s
D Yiy = [ d§ Yin(3)i(3) -V, =5 1m@ ) (= 4
1 /S S Yy (S)n(S) V |§,/_§,‘ 2l+]. ! ( 7¢)d$< [;.1) (5 )

The last derivative has different values if calculated from the inside or from the outside of

the cavity (from the inside, s. = s, s = § = R thus it reads [/R?; from the outside

s« =s = R, s = s thus it reads —(I + 1)/R?). This is due to the integration singularity
=

that appears for § — &', that we have to cancel out. This can readily be accomplished

taking the average of the derivative from the inside and from the outside, as the singularity
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contributes the same term but with opposite signs to the two derivatives:

!
s d

, R + ds

A1 R? 1/d _
20+1

= —21+15ﬁm(9,¢)§ 7s

R 2w
Sz—fl) = Yim(0',¢')  (55)
out

i
Using the matrix notation (and thus referring to numerically approximated identities):

4R

AY,, = Y,
SAY, A+1 " (56)
2T
DAY, = — Y, 57
! 2A+1" (57)

which allow to demonstrate that A/2Y,, are the eigenvectors of the matrix S~/?DAS!/2:

2r

ST/'DASY? AVAY,,, = AVH(SA) TP DA(SA) P = — o A Y, (58)

Since A;; are the eigenvalues of this matrix by definition, eq.(15) follows.

B Plasmonic resonances of a nanoparticle by the IEF(d)
approach

As mentioned in the main text, the matrix Q and g previously used to simulate optical
absorption of complex shaped nanoparticles? are very similar to the IEF one, but for a sign
change:

-1
Q¥ = -s! (QWG(“’)—HI + DA) (2rI+ DA)
e(w) —1

g’ = V() (59)

where V., (w) now represents the potential associated with an externally applied field. It is
straightforward to exploit the same procedure used above for IEF to get the expression of

the matrix KNP:
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27T—|-ANP

T

KNP( )

(60)

where €, is the metal dielectric function. Plasmon resonances can be recognize as maxima
of the image part of the apparent charges as a function of frequency. In the form of eq.(60),
this translates to frequencies that nullify the real part of the denominator; clearly each 2
has its own plasmon frequency (up to symmetry related degeneracy). A similar analysis has

been provided before.?®* For spherical nanoparticles, we can exploit the expression of Aj;

in eq.(15) to find K P (w):

NP,Sphe . em(w) — 1
™) = T ar o (61)

Nullifying the real part of the denominator in eq.(61) leads to the usual condition for the
multipolar plasmons of the spherical particles. For example, the dipolar plasmon (the only
excitable by radiation) has [ = 1 which requires R(ep(w)) = —2. For an arbitrarily shaped
nanoparticle the geometric effects on the plasmon frequencies are all contained in AYF: once

such values have been determined, the plasmon frequencies of different materials can be

calculated by solving R (27r(eM(w) +1)/(ep(w) — 1)+ Agp) =0.
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