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Abstract: Modern measurement techniques are improving in capability to capture spatial displacement
fields occurring in deformed structures with high precision and in a quasi-continuous manner. This in
turn has made the use of vibration-based damage identification methods more effective and reliable
for real applications. However, practical measurement and data processing issues still present barriers
to the application of these methods in identifying several types of structural damage. This paper deals
with spatial Continuous Wavelet Transform (CWT) damage identification methods in beam structures
with the aim of addressing the following key questions: (i) can the cost of damage detection be
reduced by down-sampling? (ii) what is the minimum number of sampling intervals required for
optimal damage detection ? The first three free vibration modes of a cantilever and a simple supported
beam with an edge open crack are numerically simulated. A thorough parametric study is carried out
by taking into account the key parameters governing the problem, including the wavelet mother
function, level of noise, crack depth and location, mechanical and geometrical parameters of the beam
and the use of a padding method to reduce border distortions. The results are employed to assess the
optimal number of sampling intervals for effective damage detection.
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Ms. Ref. No.: JSV-D-14-00633
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Reviewer #2: The paper presents a parametric study to analyse the effect
of spatial sampling in damage detection of cracked beams by continuous
wavelet transform (CWT).

The paper is interesting and illustrates clearly a topic of relevance in the
field of Structural Health Monitoring. However, before publishing can be
recommended, a number of clarifications, improvements and corrections would
be appropriate regarding the following points:

1) The normalised sampling intervals considered are equal to 0.025, 0.01,
0.005, 0.0025, 0.001,

0.0005 and 0.00025. This means that for the beam used in the example, which
is one meter long, the distance between two sensors is 25 mm (40 measurement
points considered along the beam) 10mm (100 points), 2.5mm (400 points), 1lmm
(1000 points), O0.5mm (2000 points), 0.25mm (4000 measurement points). In
this reviewer opinion, it 1is not realistic to consider the last three
intervals because even with latest measurement techniques, such as a
scanning laser vibrometer, it is wvery difficult to achieve the required
level of precision due to the limits of the instrumentation, test setup,
operator, etc. Instead it should be more interesting and appropriate to
consider larger sampling intervals (eg 0.04 and 0.05) in order to understand
whether or not the CWT can still be applied for the damage 1localisation
purpose.

We agree with the Reviewer that, for a 1lm-long beam, normalized sampling
intervals of 0.001, 0.0005 and 0.00025 would yield unrealistic distances
between measurement points. However, the trend of results being presented is
preserved even if one does not consider such smallest intervals. The values
of sampling intervals was selected in order to explore a sampling interval
range as large as possible (sampling intervals equal to 0.04 and 0.05 were
excluded from the analysis because they correspond, when the crack is
located at 0.1L or 0.9L, to an insufficient number, for wavelet transform,
of sampling points laying between the crack and the nearby beam end).

A sentence has been added to warn the reader that the selected smallest
sampling intervals might lead to unrealistic measurement spacing.

2) In the text the following parameters are used 81, B2, H1l, HIl (overlined)
H2, H2 (overlined) referring to a different paper. As the article should be
self-contained without being too repetitive, the meaning of these parameters
should be shortly explained.

The sentence has slightly been modified to explain these parameters:
‘By using the polynomial padding method [31], the damage identification turns out to be, with good
approximation, a function of the pseudo-frequency only (in the simulations of Fig. 6 the fitting

parameters of the method are assumed to be B, = 8, =1, H, =H; and H, =H,)."

3) In the first lines of page 22, it is stated that "As for the beam
parameter h, it can be demonstrated [31] that its variation influences the



detectable crack depth but not the optimal pseudo-frequency value of CWT
damage detection". However looking at paper [31], this demonstration is not
found.

There was a mistake in the number of the reference. The correct reference is
[35].

4) As regards the example in section 5, concerning the monitoring of the
service state of a wind turbine blade of length 50 m with the CWT, there are
two objections. The first one regards the infeasibility of measuring the
mode shapes or operational deflection shapes of a real wind turbine blade
in-service using laser devices (otherwise which devises the authors would
suggest to use?). Moreover, even when out-of-service, since the blade is
huge, it is not very realistic to use, a scanning laser vibrometer that
would need to be positioned at a distance adequate to the size of the object
examined and so very far from the blade. The second one regards the fact
that, due to the dimensions, it is rather simplistic to consider only one
row of sensors in the longitudinal direction to determine the deflection
shapes.

Possibly, the example of a wind turbine blade might not be as appropriate
due to the practical measurement implications stated by the Reviewer
(incidentally, the bending of a blade is unsymmetrical and two displacement
components would be needed to describe its deflection). The purpose of the
example is to offer some numerical values of the optimum sampling interval
for a given beam size. In the revised version of the manuscript, to avoid
any reference to a specific structure, an example of a generic 5m-long
cantilever beam is presented.

5) Since there are a lot of diagrams and the reader can get confused, it
would be very useful to summarise the fundamental results in a table for
each damage case analysed in which the value of the minimum detectable crack
size is reported as function of the normalised sampling interval, the noise
level, the wavelet function, the kind of mode shape of the beam etc.

The aim of the paper is to investigate the effect of sampling interval on
spatial CWT damage detection and to find the optimal sampling interval to
identify the minimum detectable crack size. A summary of the results
illustrated by Figs 3-9 is reported in Section 4.6 ‘Discussion of the
results’, that is

‘Focusing on the results of Sections 4.2 — 4.5, pertaining to the use of the polynomial padding method and
the ‘Coif4’ wavelet, the following conclusions can be drawn:

(i) there is an optimal value of pseudo-frequency, independent of the noise level, which maximizes the
performance of the damage detection for a given beam deflection shape and crack position;

(i) by adjusting the wavelet scale, damage detection performances can be similar for small and large
sampling intervals.’

The authors believe that the summary table suggested by the Reviewer, in which
the values of minimum detectable crack size would be reported as a function of
some problem parameters (SNR, wavelet function, mode shape, etc.), would be
misleading with respect to the main goal of the paper.

In addition, the values of minimum detectable crack size appearing in Figs 3-9
are related to the specific beam considered in the parametric study (‘In this
Section, a cracked beam of length L = 1 m with a rectangular cross-section of height h = 0.05L and width b =



0.5h, constituted by an elastic linear isotropic material of Young modulus £ = 200 GPa and density p = 7850

kg/m? is considered’), and, conversely to the results pertaining to the optimal
sampling intervals, they cannot be generalized.

6) According to the curves of Fig. 12, for a given wavelet scale, the
optimal number of sampling intervals needed to detect the smallest crack
located at different positions along the beam using a given beam vibration
mode shape is plotted. However, the value of the smallest crack is not
reported and presumably varies depending on the location of the crack. It
would be helpful, therefore, to understand the interval range in which this
minimum size detectable falls for each plot.

As explained in Section 5 ‘Generalization of the results’, the optimal

pseudo-frequency f  multiplied by the beam length L is only a function of

a,op
the beam deflection shape and of the relative crack position x./L. On the
contrary, the minimum detectable crack size is a (non-linear) function of
the geometric (b,h,L) and mechanical (E) parameters of the beam. Therefore,
it is not possible to give an interval range in which the minimum
detectable crack size (expressed in terms of relative crack depth J) would
fall for each curve of Fig. 12.

A generalization of results of minimum detectable crack size might be
pursued if one express damage extension as a function of a parameter
expressing the relative rotational stiffness of the cracked beam section
(e.g. (EI/L)/k.), but this is beyond the scope of the present paper.

7) It is suggested to write "mode shapes" instead of the word "modeshapes"

Done.

8) Before equation 4 (which should be 3.7, following the numeration
criterion given by the authors), in the sentence "the local stiffness kc due
to the crack is evaluated .. through the following polynomial expression",
the word "polynomial" should be deleted as the polynomial appears in the
denominator in formula 4. Furthermore equation 4 should be corrected as in
the numerator tb#2 should be bh*2.

Done.

9) For the sampling step, it would be better to use the symbol <DELTA>x
instead of dx which is a differential.

Done.

Reviewer #3: The authors present the spatial Continuous Wavelet Transform
(CWT) damage identification method in beam structures to evaluate the
optimal number of sampling intervals for effective damage detection. The
authors investigate some effects due to the wavelet mother function, level
of data noise, crack depth and location, mechanical and geometrical beam
parameters and the use of a padding method to reduce border distortions. The
only concern is some misprints, for example

1)In line 5 on page 6 "modeshapes", should there have a space between two
words, such as "mode shapes" or "modal shapes"? Please check the misprints
carefully throughout the manuscript for it.



Done.

2)In the last paragraph on page 11, "0.6957 for 'Coif4', 0.6667 for 'Db2',
0.318 for 'Gaus4' and 0.8125 for 'Morl')."? It is better to give the
readers a reference or at least introduce briefly how to obtain these
values. Please indicate clearly in the text.

As stated in the text, the center frequency is defined as the the frequency
maximizing the Fourier transform of the mother wavelet modulus. A reference
has been added in the revised version of the manuscript.

3)On page 20 "Since the material density <rho> affects the natural
frequencies of the cracked beam but not its mode shapes, this beam parameter
turn out to be negligible." It is unclear for this statement, could you give
a more clear explanation.

The relevant text has been modified to better explain this point.
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ABSTRACT. As-the-abitity-of-Mwmodern measurement techniques are improving in capability to

capture spatial displacement fields occurring in deformed structures with high precision and in a

quasi-continuous manner. the-spatial-displacementfields-oceurring-in-deformed-structures; This in
turn has made the use of vibration-based damage identification methods is-becoming—more—and

more effective and reliable for real applications. However, practical measurement and data

processing issues still represent barriers to the application of these methods in identifying several

types of fermany-forms-efstructural damage. Thise present-paper deals with the-spatial Continuous

Wavelet Transform (CWT) damage identification methods in beam structures with the aim of
addressing answering—to the following key questions: (i) can the cost of damage detection be
reduced by down-sampling? (ii) what is the minimum number of sampling intervals required for the

optimal damage detection ? The first three free vibration_modess of a cantilever and a simple

supported beam with an edge open crack are numerically simulated. A thorough parametric study is
carried out by taking into account the key parameters governing the problem, including the wavelet
mother function, level of data—noise, crack depth and location, mechanical and geometrical beam
parameters_of the beam and the use of a padding method to reduce border distortions. The results

are employed to assess the optimal number of sampling intervals for effective damage detection.

*Corresponding author: spagnoli@unipr.it


http://ees.elsevier.com/jsv/download.aspx?id=826537&guid=ee247e62-ce20-4be4-90c2-b2dd9478e128&scheme=1
http://ees.elsevier.com/jsv/viewRCResults.aspx?pdf=1&docID=18556&rev=1&fileID=826537&msid={9365872C-2FB4-40C0-9779-A29B3C745C8D}

KEYWORDS: spatial sampling interval, down-sampling; vibration-based damage identification;
wavelet analysis; CWT; padding method; cracked beam.
1. INTRODUCTION
Thanks to their multi-resolution properties, wavelets functions act as a microscope with the
ability to analyze the details of non-stationary signals and to localize their singularities or those of
their derivatives [1]. In the past decades, Continuous Wavelet Transform (CWT) has widely been
recognized to be an effective and powerful tool for identifying the damage in Structural Health
Monitoring (SHM) by analyzing static or dynamic structural response in the spatialee domain [2].
Liew and Wang [3] and Wang and Deng [4] first-analysed-in—the-space—domain-by Wavelet
Fransform—(WH);,—the—numerical and experimental, static and dynamic, structural responses of

simple cracked beams to identify damage_in the spatial domain by Wavelet Transform (WT). They

highlighted that Wavelet Analysis (WA) is capable of identifying the abrupt variation in beam
deflection due to damage through a local abnormality of the wavelet coefficients at that position.
Subsequently several authors have examined in-depth the vibration-based damage identification by
wavelet analysis and appliedy it to a variety of structural problems showing its effectiveness and
versatility.

Focusing on the Gaussian wavelets, Gentile and Messina [5] discuss in a numerical-theoretical
way the CWT features of derivation, convolution and smoothing of noisy data. Due to the limitation
of the CWT in the presence of noise (CWT behaves as a high-pass filter at the fine scales and loses
details at the large scales), they underline the need of a trade-off between these scales in detecting
damage. Moreover, due to CWT redundancy regarding the free choice of the scale, the authors
recommend the use of CWT instead of discrete wavelet transform. By analysing modeshapes of
different cracked beams medeshapesmodeshapes, the authors observe that the sensitivity in damage
detection with respect to crack location depends on the local curvature of the medeshapemode

shape in the damaged area. Furthermore, in-Ref—{6},-Messina_[6];-dealing with transversal beam
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vibrations in both the non-transformed and Fourier transformed domains, discuss the ability of
CWT in conjunction with differential operators to act as a frequency filter and therefore to reduce
undesired high frequency noise.

Pakrashi et al. in Ref. [7] present a statistical study on the identification of the existence,
location, and extent of an open crack from the first fundamental medeshapemode shape of a simply
supported beam by using CWT with the 4™ order Coiflet wavelet (‘Coif4’). The problem of false
alarm and its significant reduction by the use of multiple measurements are illustrated. Loutridis et
al. [8] analyse through CWT both the analytical and the experimental fundamental vibration mode
of a double-cracked cantilever beam by using the 4™ order Symlet wavelet (‘Sym4’). In addition to
the task of locating the crack positions, they propose an intensity factor as an indicator of the crack
size. Rucka and Wilde [9] analyse numerically and experimentally the first medeshapemode-shape
of a plexiglass cracked cantilever by the one-dimensional CWT and the first medeshapemode-shape
of a clamped steel plate with a central defect by the two-dimensional CWT. The Gaussian wavelet
of order 4, ‘Gaus4’, and the reverse biorthogonal wavelet ‘Rbio5.5’, having both four vanishing
moments, are used to analyse the beam and the plate, respectively. Through a numerical and
experimental study Wang and Wu [10] detect the location of a delamination in a beam structure
under static loading with a spatial wavelet transform using the Gabor wavelet. A barely visible
perturbation in the deflection profile of the delaminated beam at the two delamination edges owing
to the curvature discontinuity is discerned through the WA.

In order to successfully identify damage through spatial wavelet analysis, precise and spatially
dense monitored data are necessary. In the last decades, a number of researchers have focused on
developing replacements for traditional sensors (e.g. accelerometers, strain gages, load cells), which
have the limitation of measuring the relevant parameters at a single location and of requiring
cumbersome wiring. The modern measurement techniques, on the other hand, can capture the

spatial field of the relevant parameters with high precision and in a quasi-continuous manner, even
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for large civil engineering structures. Such techniques include the Digital Imagine Correlation
(DIC) and the digital imagine stereo-correlation (3D-DIC) [11-13], Global Positioning Systems
(GPS) [14-15], Local Positioning Systems (LPS) [16-17], scanning laser vibrometers [18-19] and
optic fiber sensors [20-21].

In order to fully exploit the potentiality and versatility of the spatial wavelet analysis when quasi-
continuous spatial measurement data are available, the present investigation is centered on the
impact of the spatial sampling of beam deflection shapes in detecting damage. The state of the art
highlights that in vibration-based damage detection methods the issue of selecting an appropriate
sampling interval to discretize operational deflection shapes is well known, but few authors have
investigated it in-depth.

Sazonov and Klinkhachorn [22] provide analytical and numerical arguments to select the optimal
modeshapemode—shape sampling interval to maximize sensitivity to damage and accuracy of
damage localization. They highlight that the effects of measurement noise invalidate the intuitively
reasonable idea that smaller sampling intervals mean higher precision in damage localization. Guan
and Karbhari [23], noticing that modal curvature methods exhibit problems related to large
sampling intervals and that measurement noise increase with numerical differentiation procedures,
propose a hew damage identification method based on the concept of element modal strain damage
index which is able to correctly locate a damage region even using sparse measurements of noisy
data. Zhong and Oyadiji [24] analyze the sampling interval sensitivity for damage detection in
simply supported cracked beams using three different methods based on the Stationary Wavelet
Transform (SWT). They search for the proper sampling distance as a function of depth, width and
location of the crack as well as of the amount of noise. The proposed methods are shown to be
robust if higher medeshapesmode shapes are considered and to be accurate if the sampling interval
with respect to the beam length is equal or less than 0.01. In Refs [25-26], Surace et al. deal with the

problem of crack localization in post-damage operational beam shapes through a method based on a
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polynomial annihilation technique. Through numerical simulations, they quantify the number of
sampling points (19 to 100 sampling points are considered) needed for damage detection. Whilst in
absence of noise, even with few measurements points (e.g. 25 data points), a small-medium crack
can be located, with increased noise level cracks can be identified only by using smaller sampling
intervals. Many authors [9, 27-28] observensetiee that in the presence of course sampling intervals,
damage detection may encounter difficulties when CWT is used. To overcome the problem, they
adopt the technique of over-sampling the measured data through a cubic spline interpolation.

The present paper addresses the spatial CWT based damage identification in beam structures
with the aim of answering the following key questions: (i) can the cost of damage detection be
reduced by down-sampling? (ii) what is the minimum number of sampling intervals required for
optimal damage detection? The first three free vibration modes of cantilever and simple supported
beams with an open edge crack are considered (note that this study focuses on beams of constant
cross-section, characterized by homogeneous isotropic material and linear elastic behaviour). An in-
depth investigation of the effect of the spatial sampling of the beam medeshapesmode-shapes in
identifying the damage through the spatial CWT is carried out with reference to the minimum
detectable crack. The relevant aspects parameters of the problem, such as the padding methods to
reduce border distortions [29-31], the mother wavelet functions (i.e. Coiflet and Gaussian of order
4, Daubechies of order 2 and real Morlet [32]), the crack depth and its location along the beam, the
level of noise (simulated by synthetic Gaussian white noise) and the mechanical and geometrical
beam parameters, are identified and are made to vary. The results are thereughly discussed in detail

and the optimal number of sampling intervals for an effective damage detection is assessed.

2. MODELLING OF THE CRACKED BEAM
A cracked Euler-Bernoulli beam characterized by an open edge crack under different boundary

conditions at the two ends, i.e. clamped-free (cantilever beam) and supported-supported (simply
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supported beam), is considered (Fig. 1). The free vibration responses are analytically evaluated by
solving the free vibration equations of the two uncracked sub-beams connected by a rotational
spring (representing the local stiffness k. of the cracked cross-section of the beam) at the crack
location x.. The beam has a rectangular cross-section with height h and width b; the crack depth is a
and L is the beam length. The symbols I, A, E and p represent, respectively, moment of inertia and

area of the cross-section and Young’s modulus and density of the material.
Fig. 1 - Sketch of the two cracked beams under study.

The free vibration equation related to the two uncracked parts of the beam can be written as

| d*v(x,1t) 4 A 2v(x,1t) o, 1)

E ox* ot?

where v(x, t) is the transversal displacement of the beam from its static equilibrium position at a
distance x from the left end at the time t. Separating the variables in Eq. (1) (v(x,t) =n(x) g(t)) and
solving the characteristic equation function of x, the medeshapesmode-shapes 7, and 7, of the left
and right sub-beam, respectively, are as follows

n, =C, sen(ax) +C,, cos(ax) +C, senh(ax) +C, cosh(ax) 0<x <X, (2.1)
and
Mk = Cirsen(ax) + C,, cos(ax) + Cypsenh(ax) +C,, cosh(ex)  x, <x <L, (2.2)

2 1/4
where a = [p Ef) J and w is the natural frequency of the cracked beam.

The C, terms are integration constants arising from the solution of the fourth order differential
equation in space. By imposing the boundary conditions (see Egs 3 below), a system of eight linear

equations is formed. The natural frequencies of the cracked beam are found by setting the



determinant of the matrix of the linear system to zero and solving it numerically for the roots of «.
The coefficient C,. is imposed to be equal to unity.
The boundary conditions of the cantilever beam at the clamped and at the free end are,
respectively:
n.(0)=0 and 7/ (0)=0, (3.1)
7:(L)=0 and 7g(L)=0. 3.2)
The boundary conditions of the simple supported beam at the two ends are:
7.(0)=0 and 7/(0)=0, (3.3)
n:(L)=0 and n5(L)=0. (3.4)
For both the beams, the conditions of continuity of displacement, moment and shear at the crack
location can be expressed as
(%) =mr(X) . (X)) =mg(X.) and 7(x.) =7m5(X.). (3.5
The rotational spring at the cracked section introduces a discontinuity of the rotation which can

be written as

na(xc)—m(xc):%n;(xc). (3.6)

C

The local stiffness k. is evaluated, according to linear elastic fracture mechanics concepts,

through the following pelyremial-expression [33]

bh2E [ Formatted Table

10

B 24(5/(1-5))* (5.93—-19.695 + 37.145° —35.845° +13.125%) ! @

where 6 =a/h is the relative crack depth.

3. DAMAGE DETECTION BY SPATIAL CWT

3.1. Wavelet Analysis



DueFhanks to its multi-resolution properties, wavelet analysis, acting as a signal microscope,
appears to have a better ability to analyze the details of non-stationary signals in comparison to
traditional analysis tools, such as Fourier Transform or Short-Time Fourier Transform.

A wavelet function w(x) is a zero mean local wave-like function which decays rapidly and

satisfies particular conditions [1]. A family of wavelet functions can be obtained by considering:

1 X —k
0-kyf2) ;

W, \/g‘// S (5)
where s and k are, respectively, the scale and the translation parameter. The continuous wavelet

transform of a signal 7(x) with respect to the wavelet function y(x) is defined as

wees)- | ) oo X o ©

where y* is the complex conjugate of .

Since the identification of a discontinuity in a function or in any of its derivatives can be linked
to the number of vanishing moments of the analyzing wavelet function (e.g. see Ref. [34]), it is
possible for a wavelet transform to detect singularities by choosing an appropriate basis function
w(x). Since the presence of an open crack in a beam may introduce a singularity in the derivatives of
the deflected shape, wavelet transform is deemed to be a powerful tool to locate the damage. Due to
the presence of the singularity, a wavelet transformed deflected shape yields a local variation or
extremum of the wavelet coefficient at the location of damage throughout the different scales.

In the present study different wavelet functions, i.e. the 4™ order Coiflets wavelet (‘Coif4’), with
8 vanishing moments, the 2" order Daubechies wavelet (‘Db2”) with 2 vanishing moments, the 4™
order Gaussian wavelet (‘Gaus4’) with 4 vanishing moments, and the real Morlet wavelet (‘Morl”)
[32], are used in the CWT in order to enlarge the investigation of the impact of the sampling
interval in damage detection. Furthermore, a MATLAB routine to perform the CWT for the

aforementioned wavelets is implemented by the authors to improve the accuracy of the existing



built-in one (the original routine approximates the signal through a constant piecewise function,

while the implemented one considers a linear piecewise trend) [35].

3.2. Noisy data simulation

Realistic situations are simulated in the following by superimposing noise to the signal
corresponding to the beam deflection obtained from the mechanical model described in Section 2. It
should be borne in mind that, in the ideal situation of no noise, wavelet analysis would actually be
unnecessary to detect the damage position, since by numerically calculating the second derivative of
the original signal the damage location can promptly be identified [36].

The presence of noise is simulated by adding a synthetic Gaussian white noise to the original
response. To quantify the noise level, the signal to noise ratio (SNR) is considered. The SNR,

expressed in decibels, is defined as

SNR =101 Pugnat
=10log,o 57— - (7

The term P with the subscripts in Eq. (7) denotes power and is computed as

2
)

Ry =1 2l0) ®

z i=l

where N, denotes the number of discrete points of a generic sampled function z(x).

3.3. Padding methods to reduce CWT edge effects

As above-mentioned, the CWT is defined by the convolution of the input signal 7(x) with a
wavelet function generated by scaling and translating its mother wavelet y(x). For a finite-length
signal, when the convolution operation is executed close to the signal ends, the wavelet window
extends into a region with no available data, so that the transform values close to the borders of the

signal are tainted by the nonexistence of data. Consequently, the values of the CWT coefficients



very close to the signal extrema arise abnormally (border distortions) and the real signal features of
that region are consequently corrupted by the transform. As a result, edge effects can provoke the
masking of the damage and yield false indicators.

To handle edge effects three extrema extension methods are considered in the following:

(i) the traditional linear padding method [29], which applies a linear extension, interpolating the
first two and last two values of the beam deflection shape (Fig. 2a);

(ii) the isomorphism padding methods proposed by Messina [30], which extend the signal either
through a polar-like symmetry (called “Rotation”) when its second derivative tends to zero
or a mirror symmetry (called “Turnover”) when its first derivative tends to zero (Fig. 2b);

(iii) the polynomial extension method suggested by Montanari et al. [31], which pads the
original signal by means of two high degree polynomial functions obtained through a fitting
procedure. The extension functions satisfy continuity conditions and extend the trend of the

noisy signal and its derivatives in an average sense (Fig. 2c).

Fig. 2 - A generic noisy data signal, 7(x), is extended through: (a) linear padding method [29], (b)
isomorphism padding methods proposed by Messina [30]; (c) polynomial extension method

proposed by Montanari et al. [31].

4. PARAMETRIC STUDY
’ The effect of the sampling interval of the cracked beam medeshapemode—shape in damage
detection through the spatial CWT is numerically analysed varying the relevant parameters of the
’ problem, that is: the normalized sampling interval exAx/L {ex(Ax/L is considered equal to 0.025,
0.01, 0.005, 0.0025, 0.001, 0.0005 and 0.00025), the noise level (SNR value is assumed equal to

130 dB, 100 dB or 70 dB), the padding method (see Section 3.3), the wavelet function (i.e. ‘Coif4’,
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‘Db2’, ‘Gaus4’ and ‘Morl’), the deformed shape of the beam (i.e. the first three modeshapesmode
shapes of the cantilever and of the simply supported beam) and the relative crack position along the
beam (x./L is considered equal to 0.1, 0.3, 0.5, 0.7 or 0.9).

In this Section, a cracked beam of length L = 1 m with a rectangular cross-section of height h =
0.05L and width b = 0.5h, constituted by an elastic linear isotropic material of Young modulus E =
200 GPa and density p= 7850 kg/m® is considered. In Section 5, the influence of the beam
parameters on the effect of the sampling interval in detecting the damage is analyzed. Note that, for

the present 1m-long beam, normalized sampling intervals of 0.001, 0.0005 and 0.00025 would yield

unrealistic _distances between measurement points, but they are considered in the following

simulations in order to explore a broad range of sampling intervals.

4.1. Criterion for minimum detectable crack size

In order to investigate the effect of sampling interval in CWT based damage detection, the
minimum detectable (threshold) crack size for a given spatial sampling interval is obtained
according to the following criterion based on an iterative procedure.

While increasing gradually the relative crack depth ¢ from a value of 0.0001 to 0.95, the wavelet
transform is executed at fixed values of the scale s (s=2,4,6,...,200) and the maximum absolute
value of the transform is determined for each scale. If for a given relative crack depth § this
maximum is attained for all scales at the crack position for each of an arbitrary number of 20
different random Gaussian white noise distributions, this value of ¢ can be regarded to be
detectable, otherwise a larger value of ¢ has to be assessed. To allow for the numerical
approximation of the CWT, the crack depth is also regarded as detectable even if the CWT absolute
maximum is attained in either of the two nearest points (i.e. the preceding or the following point) to
the actual damage location. For very small sampling intervals ( Ax/L <0.005), the criterion is

relaxed to any of the four nearest points to the damage location.
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The results pertaining to the effect of sampling interval on the minimum detectable crack size are
presented in the following Sections (see the bilogarithmic graphs in Figs 3-9) as a function of the

pseudo-frequency, f, = f./( Ax-s), where f; is the center frequency of the mother wavelet (i.e. the

frequency maximizing the Fourier transform of the mother wavelet modulus;-the [29]). The values
of center frequency f. for the considered mother wavelets are: 0.6957 for ‘Coif4’, 0.6667 for ‘Db2’,

0.318 for ‘Gaus4’ and 0.8125 for ‘Morl’}=.

4.2. Sampling effect varying the padding method

FirsthytThe present study deals with the effect of sampling interval on CWT near-edge crack
detection (x/L = 0.1 is considered) using different padding methods (linear, Messina’s and
polynomial padding methods are analysed). The first modeshapemode-shape of the cantilever beam
is investigated and the ‘Coif4” wavelet is used in the CWT.

Figures 3, 5 and 6 represent, for different noise levels and padding methods, the minimum
detectable relative crack depth & as a function of the data relative sampling distance exAx/L and of
the pseudo-frequency f,. Graphs (a) refer to ‘low’ noise (SNR = 130 dB), graphs (b) to
‘intermediate’ noise (SNR = 100 dB) and graphs (c) to ‘high’ noise (SNR = 70). Note that the
curves in Figs 3, 5 and 6 are plotted by considering an upper limit of § equal to 0.95.

By juxtaposing the results reported in Figs 3, 5 and 6, it can be observed that the padding method
significantly influences the relation between minimum detectable crack size and pseudo-frequency.
When the linear padding method is used, considering f, >12 m™, at low noise level (SNR = 130
dB) the damage identification is a function of the pseudo-frequency only and not of the sampling
interval (Fig. 3a). At higher noise levels, at a given value of pseudo-frequency larger sampling
intervals are observed to be more effective in damage detection (see Figs 3(b,c)). This occurrence is
attributable to be due to the linear extension method whose performance in reducing edge effects

can decrease substantially in the presence of high noise and very small sampling step.
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Moreover, considering f, >12 m™, the curves in Fig. 3 present a positive curvature with a
minimum value, regardless of the sampling distance, at about the same pseudo-frequency equal to
around 330, 60 and 12 m™ for SNR equal to 130, 100 and 70 dB, respectively (note that in Figs 3(b-
c) for very low values of éxAx/L the positive curvature is not evident). This behavioral trend is
caused by two reasons: the noise influence and the edge effects due to the linear padding. Moving
from the high to low values of f,, since high values of f, are very sensible to noise, smaller cracks
can only be detected until a minimum detectable crack size for certain level of noise is reached (the
part of the curves to the right of the minimum value is ruled by the presence of noise). When
decreasing beyond a certain value f,, the wavelet detects the edge discontinuity due to the padding
method (the part of the curves to the left of the minimum value is ruled by the edge effects).

Finally, as expected, the minimum detectable crack size tends to decrease with decreasing noise

level.

Fig. 3 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
linear padding method is used. The first medeshapemode-shape of the cantilever beam with crack

at x/L = 0.1 is analysed. (a) SNR = 130 dB; (b) SNR = 100 dB; (c) SNR = 70 dB.

At this point it might be worth explaining the reasons why for f, <12 m™ the curves of Fig. 3
deviate from the behavioral trend described above, showing a vertical asymptote corresponding to
about f,=2.4 m™. These reasons are related to the treatment of the edge effect at x = 0 using the
linear padding method and the crack location close to that beam end (x./L = 0.1), as discussed in the
following.

When the linear padding method is applied to a signal end with curvature different from zero (at
x = 0 in the case of the cantilever 1st medeshapemode-shape), the second derivative of the padded

signal presents a severe discontinuity at that position [31]. Consequently, as shown in Fig. 4, the
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CWT analysis of the padded beam shape exhibits, when ¢ is smaller than a certain value, the highest
coefficients close to the clamped end of the beam. For instance, using s = 8, corresponding to f, =
17.4 m, the highest value of the wavelet coefficients is at x/L=0.02 when 5<0.05, while using s
= 52, corresponding to f, = 2.7 m™, it is at x/L=0.1, regardless of the value of & (the blue curves
related to 6 = 0 in Fig. 4b are overlapped by the green and red ones). This means that, around the
pseudo-frequency range f, =[2—4] m™, the CWT analysis does not detect the presence of tiny
cracks but the discontinuity due to the linear padded method at x = 0 (Fig. 4b) and the vertical
asymptotic trend of Fig. 3 takes place. On the other hand, as shown in Fig. 4a, by analyzing the
signal by means of high pseudo-frequencies (f, = 17.4 m™ is used), for small crack sizes the wavelet
analysis is more sensitive to the discontinuity due to the padding method, while for large crack size,
the wavelet analysis is more sensitive to the crack discontinuity and the damage identification is

satisfied. Analogous reasoning can be made for f, smaller than about 1.3 m™.

Fig. 4 — Zoom of the normalized absolute values of the CWT coefficients obtained by analyzing the
normalized first medeshapemode-shape of the cantilever beam with crack at x./L = 0.1 varying the
relative crack depth o. The signals are sampled at éxAx/L = 0.005, considering SNR = 100 dB. Two
different scales are considered: (a) s = 8, corresponding to f, = 17.4 m™ in Fig. 3; (b) s = 52,

corresponding to f, = 2.7 m™ in Fig. 3.

In contrast to the results obtained with the linear padding method, when applying Messina’s
padding method, regardless of the noise level, the CWT- f, curves for different values of exAx/L
tend to overlap and the damage identification becomes, with good approximation, a function of the
pseudo-frequency only (see Fig. 5). This implies that, since the scale can be made to vary as
desired, large sampling intervals can be as effective as small ones. As for linear padding with

decreasing noise level, smaller cracks can be detected.
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As in Fig. 3, the curves of Fig. 5 present a positive curvature with a minimum value, but now,
given the smaller influence of border discontinuities on the CWT introduced by Messina’s padding
method [31], the curves of Fig. 5 attain their minimum value at a lower pseudo-frequency than that
observed in Fig. 3. The values of pseudo-frequency offering optimal damage detection are equal to

around 45, 16 and 5 m™ for SNR values equal to 130, 100 and 70 dB, respectively.

Fig. 5 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’.
Messina’s padding method is used. The first modeshapemode-shape of the cantilever beam with

crack at x/L = 0.1 is analysed. (a) SNR = 130 dB; (b) SNR =100 dB; (c) SNR = 70 dB.

By using the polynomial padding method [31], {the—foHowing—parameters—are—assumed;
Br=pr=t—H=H—H;=H>)—the damage identification turns out to be, with good

approximation, a function of the pseudo-frequency only (Fig—6)-in the simulations of Fig. 6 the

fitting parameters of the method are assumed to be B, =, =1, H, =H, and H, = H, ). However

the curves of Fig. 6 exhibit a different trend than those obtained with the linear and Messina’s
padding methods. Rather than being characterized by a positive curvature, they decrease
monotonically from high to low pseudo-frequencies until, at a specific frequency, a sudden jump
occurs toward the upper limit of § (say, equal to 0.95). This specific value of pseudo-frequency
represents, with good approximation, the lowest and optimal value of pseudo-frequency for damage
identification (the optimal value is that allowing the minimum crack size to be detected as the
pseudo-frequency is made to vary). It needs to be underlined that this lowest/optimal value of f; is
the same for all levels of noise. As shown further in Section 4.3, this result appears to occur when
the polynomial padding method is used together with wavelet functions characterized by many

vanishing moments.
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The jump in the curves of Fig. 6 at the lowest/optimal value of f, occurs because, by analyzing
the cracked beam shape with wavelet functions characterized by lower pseudo-frequencies, even
large cracks cannot be localized due to the influence of the edge effects. In Section 4.5 it will be
illustrated that lower pseudo-frequencies can detect cracks located further away from the beam end,
but in any case below a certain value of f,, damage detection fails due to the edge effects even in the
presence of large cracks.

Figure 6 shows that the curves for éxAx/L = 0.00025 exhibit jumps to the upper limit of J at a
higher value of pseudo-frequency than those for larger sampling intervals. This trend is due to the
fact that, when the crack is near the signal extremum, the wavelet analysis is tainted by edge
distortions, and, particularly for very low sampling intervals, the maximum CWT coefficient value
falls not exactly at the crack location (or at its two four nearest points, as permitted by the detection
criterion), but at sampling points other from that of the crack location. In Section 4.5, it will be
shown that when the crack is located far away from the beam ends, regardless of the value of the
sampling interval, the lower bound of pseudo-frequency is the same.

Hereafter, due to its effectiveness and versatility in handling general shapes of beam deflection
[31], the polynomial padding method is used and, since the minimum detectable crack size is
effectively only f, dependent, the results are shown as a function of the noise level only,
irrespectively of the sampling interval. Note that, in order to reduce the computational cost,
H, =H, and H, =H, is always imposed, but this assumption does not affect the results of this
investigation.

The f is used to indicate the optimal value of pseudo-frequency f, that gives the minimum

a,opt

detectable crack size ( f, ,,, is equal to about 12 m™ in Fig. 6). The value f, .., of pseudo-frequency

a,opt
approximately coincides, as shown above, with the lowest pseudo-frequency for performing

damage detection.
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Fig. 6 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
polynomial padding method is used. The first modeshapemode-shape of the cantilever beam with

crack at x/L = 0.1 is analysed. (a) SNR = 130 dB; (b) SNR = 100 dB; (c) SNR =70 dB.

4.3. Sampling effect varying the wavelet function

Figure 7 displays the results of the sampling step impact in the CWT damage detection executed
using the 2" order Daubechies (‘Db2’), the 4™ order Gaussian (‘Gaus4’) and the Morlet (‘Morl’)
wavelet functions. The first medeshapemode shape of the cantilever beam with crack at x/L = 0.1 is
analysed.

Figure 7a shows that CWT damage identification by ‘Db2’, conversely to that by the other
wavelet functions, depends on both <dx‘Ax/L’ and f,. In addition, ‘Db2’ exhibits a poor damage
identification performance due to its characteristic of having only two vanishing moments [34].
Similarly to ‘Coif4’, using ‘Gaus4’ and ‘Morl’, the damage detection is, with good approximation,
just pseudo-frequency f, dependent in the medium-high f, range. In particular, using ‘Morl’ the
lower limit of f, (corresponding to large values of dx‘Ax/L’) appears to be the smallest among
those of the wavelet functions considered. The behavioral trend of results shown in Fig. 7 seems to
be similar for the different SNR values considered.

The comparison with the results for ‘Coif4’ (see Fig. 6) demonstrates that ‘Coif4’ exhibit the
best performances in damage detection in comparison to the other wavelet functions, and hence it is

adopted throughout in the following.

Fig. 7 — Impact of the sampling interval in damage detection by spatial CWT varying the wavelet

function. The polynomial padding method is used and the first medeshapemode-shape of the
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cantilever beam with crack at x,/L = 0.1 is analysed. (a) ‘Db2’; (b) ‘Gaus4’; (c) ‘Morl’.

4.4. Sampling effect varying the modeshapemode-shape

The second and the third medeshapesmode shapes of the cantilever beam and the first three
modeshapesmode shapes of the simply supported beam are now analysed. The crack is located at
XJ/L = 0.1. Figure 8 illustrates the effect of the sampling interval in CWT damage detection using
‘Coif4’ and the polynomial padding method (S, =5, =1 is used in Figs 8(a,c), £, =0.25 and
B, =033 in Fig. 8b, g, =4,=05 in Fig. 8d and g, =3, =0.3 in Fig. 8e). The jumps in the
curves at low frequencies are dependent on the analysed medeshapemode-shape but, neglecting this
disturbance due to edge effects, damage identification appears to be a function of f, only. In Figs
8(a-e) the optimal pseudo-frequency f, ., is, respectively, equal to about 11 m?, 18 m?, 12 m?, 16

m?tand 21 m?.

Fig. 8 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
polynomial padding method is used and different beam medeshapesmode-shapes with the crack at
xJ/L = 0.1 are analysed. (a,b) second and third medeshapemode-shape of the cantilever beam,
respectively; (c,d,e) first, second and third medeshapemode-shape of the simply supported beam,

respectively.

4.5. Sampling effect for various crack locations

The effect of the sampling interval in the CWT damage detection is further investigated by
varying the crack location: x./L = 0.3, 0.5, 0.7 and 0.9 are considered. The first modeshapemode
shape of the cracked cantilever beam is analysed. By juxtaposing the results of Fig. 9 with those
reported in Figs 3 to 8, the influence of border distortions in dictating the optimal value faop Of

pseudo-frequency of the curves is clearly manifested. The further the crack location is from either
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beam end, the lower is the optimal pseudo-frequency f o This means that damage detection can be
achieved with a reduced number of sampling points. Furthermore, Figs 9(a-c) show that, since the
crack is far away from the beam ends, the f,qp is the same for each curve. In contrast in Fig. 9d,
since the crack is close to the beam end (i.e. x./L = 0.9), a similar trend to that of Fig. 6d is shown.

In Figs 9(a-d) the optimal pseudo-frequency f, ., is, respectively, equal to about 6 m™, 2.5 m?, 6

a,opt

m?tand 12 m.

Fig. 9 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
polynomial padding method is used; The first meodeshapemode-shape of the cantilever beam with

a crack at different locations is analysed. (a) x/L=0.3; (b) x¢/L=0.5; (c) x/L=0.7; (d) x¢/L=0.9.

4.6. Discussion of the results
Focusing on the results of Sections 4.2 — 4.5, pertaining to the use of the polynomial padding
method and the ‘Coif4’ wavelet, the following conclusions can be drawn:

(i) there is an optimal value of pseudo-frequency, independent of the noise level, which
maximizes the performance of the damage detection for a given beam deflection shape and
crack position;

(if) by adjusting the wavelet scale, damage detection performances can be similar for small and
large sampling intervals.

‘ Considering that CWT based damage detection ean-be-considered-te-depends on the pseudo-
frequency only, it is numerically illustrated how the use of the proper scale range is essential in
detecting damage when different sampling intervals are considered [31].

‘ The first modeshapemode-shape of the cantilever beam, defined at the beginning of Section 4,
with a crack of 6 = 0.2 at x./L = 0.1 is analysed. The noise level is assumed to be equal to 70 dB.

‘ The same medeshapemode-shape is sampled at exAx/L = 0.01 and exAx/L = 0.0004.
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Figs 10(a,b) report the contour plots of the CWT (‘Coif4” and the polynomial padding method
with g, =, =1 are used) when the signal is sampled at exAx/L = 0.01, and the scale ranges
s=[4-24] (i.e. s=4,5,6..., 24) and s=[4—-6] are respectively used. The CWT coefficients,
considering the broad scale range, completely mask the crack location (Fig. 10a), which on the
contrary can be identified using the narrow scale range (Fig. 10b).

Figures 10(c-d) highlight that even if the signal is sampled at an extremely small sampling
interval {ex(Ax/L = 0.0004), the CWT damage detection can be achieved only considering a proper
scale range. The damage localization at the scale range s=[2-40] fails (Fig. 10c), while it
succeeds for s =[96—158] (Fig. 10d).

The results reported in Fig. 10 are in agreement with those of Fig. 6¢, which deal with the same
beam deflection. Indeed Fig. 6¢ highlights that the optimal pseudo-frequency is in the range

f, =[11-18] m, which for dxAx/L = 0.01 corresponds to the scale range s=[4—6], and for

axAx/L = 0.0004 to s =[96—158].

Fig. 10 — Contour plots of the spatial CWT using ‘Coif4” and the polynomial padding method
(SNR =70 dB). The first moedeshapemode-shape of the cantilever beam with crack of 6 = 0.2 at X,
/L = 0.1 is analysed. Sampling interval eéxAx/L and scale range are varied: (a) éxaAx/L = 0.01,
s=[4-24]; (b) dxax/L = 0.01, s=[4-6]; (c) éxax/L = 0.0004, s=[2-40]; (d) éxax/L =

0.0004, s =[96—158].

5. GENERALIZATION OF THE RESULTS
The results reported in Figs 3 to 9 in terms of minimum detectable crack size are related to

beams characterized by particular values of the parameters p, h, b, L and E. In this Section, the
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influence of these beam parameters on the optimal pseudo-frequency in CWT based damage
detection with the polynomial padding method and a fit wavelet function (e.g ‘Coif4’), is analysed
and a further generalization of the parametric study is obtained.

SinceAccording to Eq. 2, the functions describing the general mode—shape depend on the

boundary conditions and on the parameter o, and in turns the corresponding natural frequency is a

function of the material density p and of o. Hence, the material density p affects the natural

frequencies of the cracked beam but not its modeshapes—this—beam—parameter—turn—out—to—be

neghigiblemode shapes and it is not considered in the following.

Then, by substituting the LEFM expression of the local rotational stiffness k. due to the crack
(Eqg. 4) in the boundary condition representing the rotation discontinuity at the crack section (Eq.
3.6), we obtain:

75(x.) =mi(%.) = 2h F(S) mi (x.) (©)
where f(5) =(5/(1-5))(5.93-19.695 +37.145% —35.845° +13.125*) is a function of the relative
crack depth ¢ only. For a given beam deflection shape (and, hence, for a given value of the
curvature in X;, 7/(X.) =1,(x.) ), Equation 9 demonstrates that the rotation discontinuity due to the
crack is a function of h and §, but not of the other beam parameters b and E. Therefore, the CWT
based damage detection results are invariant for constant values of h,-and J, andkeeping L.-constant,

As for the beam parameter h, it can be demonstrated [3135] that its variation influences the

detectable crack depth but not the optimal pseudo-frequency value of CWT damage detection. In
summary, the optimal pseudo-frequency faopt is independent of the beam parameters b, h, E and p
and hence, using the polynomial padding method and a given wavelet function, it is a function of
the deformed beam shape and the crack position x.. Formally, this can be written as:

f, o =T (beam deflection shape, x,, L) . (10)

a,opt
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Through the dimensional analysis and Buckingham’s theorem [37], Eq. 10 can be expressed in
the following dimensionless form:
f, f

aopt —

L =f (beam deflection, x, /L), (11)

a,opt

Equation 11 states that the optimal pseudo-frequency f multiplied by the beam length L is a

a,opt
function of the beam deflection shape and the relative crack position x./L only.

*

Figure 11 illustrates the f, ., against x¢/L curves pertaining to the first three medeshapesmode

shapes of the cantilever and simply supported beams. It can be noted that, mainly due to the edge

effects, fafom turns out to be higher near the beam ends, especially for the third medeshapesmode

shapes.

*

a,opt

Fig. 11 — Variation of f, ., for the CWT damage detection with relative crack location for the first

three moedeshapesmode-shapes of: (a) cantilever beams; (b) simply supported beams.

According to the curves of Fig. 11, for a given wavelet scale, it is possible to calculate the
optimal number of sampling intervals needed to detect the smallest crack located at x./L using a
given beam vibration medeshapemode-shape. For example, consider the requirement to monitor the
service state of a wind-turbine-bladecantilever of L = 565 m through the spatial CWT using the
polynomial padding method and ‘Coif4’ wavelet. By analyzing the blade’scantiliver’s first
modeshapemode—shape (or operational shapes similar to the first medeshapemode—shape), the
optimum sampling interval to detect the smallest crack located more than 0.1m from the blade ends

f,L _0.6957-50
24.2

is AX = ~0.72072 m, for s = 2.

*

f

a,opt S

*

a,opt?

Finally, from the definition of f the optimal number of sampling intervals yielding the best

CWT damage detection at the scale s for a given crack location x./L, is equal to:
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=] ——aom? (12)
AX opt

As an example, in Fig. 12 the minimum of such an optimal number of sampling intervals is
considered by taking s = 2 (the value of s = 1 is discarded in the present study) and it is plotted as a

function of x./L.

Fig. 12 — The minimum optimal number of beam sampling intervals, Lfdx/Ax, to perform the
optimum CWT damage detection at scale s = 2 is plotted against the normalized crack location for

the first three modeshapesmode-shapes of: (a) cantilever beams; (b) simply supported beams.

5. CONCLUSIONS

The present investigation examined the effect of the spatial sampling interval in damage
detection by CWT, with the aim of answering the following key questions: Cean the cost of damage
detection be reduced by down-sampling? And-w\What is the minimum number of sampling intervals
required for optimal damage detection? An in-depth parametric study has been carried out by
analyzing the first three modeshapesmode shapes of a cantilever and a simply-supported beam
varying the relevant parameters of the problem, that is: the sampling interval, the noise level, the
padding method, the wavelet function, the crack depth and position along the beam, and the
mechanical and geometrical beam parameters.

The effect of the sampling intervaldistance in CWT based damage detection is investigated in

terms of the minimum detectable crack size (which is defined on the basis of an ad-hoc criterion) as
a function of the key parameter, pseudo-frequency. The padding method is observed to significantly
influence the minimum detectable crack size. Using the linear padding method, whereas at low

noise levels the damage detection is independent of the sampling interval, at medium-high noise
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levels small sampling intervals appear to be less effective. On the other hand, extending the
deformed beam shape through Messina’s methods or the polynomial padding method, regardless of
the noise level, the damage detection is independent of the sampling interval and is a function of the
pseudo-frequency only. Among the different wavelet functions being analyzed, ‘Coif4’ seems to be
the most effective.

Focusing on the findings obtained using the polynomial padding method and ‘Coif4’ wavelet,
curves of minimum detectable crack size against pseudo-frequency for different relative sampling
intervals coincide and decrease monotonically with decreasing pseudo-frequency down to a lower

bound value of pseudo-frequency f, below which no damage detection is possible. This lower

bound of f, can be regarded as the optimal pseudo-frequency f, ., capable of detecting the smallest

a,0pt
crack size by CWT. The parametric study shows that such an optimal pseudo-frequency depends on
the medeshapemode-shape and on the crack location along the beam. In addition, it has been
observed peinted-out that, for a given medeshapemode-shape and crack position, different beam
structures, characterized by the same value of x/L, attain the same optimal value of the

dimensionless pseudo-frequency f, . L.

In conclusion, even though modern measurement techniques allow beam deflection shapes to be
monitored with very dense sampling points, down-sampling the measurement points reduces
damage detection costs without affecting performance, as long as the optimal value of the pseudo-
frequency can be achieved. The minimum optimal number of sampling intervals, corresponding to
the wavelet scale equal to 2, can be determined in relation to the beam deflection shape and damage
location. Finally, by performing the CWT analysis in the range of the optimal pseudo-frequency,

down-sampling dense measured data can be used as a tool to verify the robustness of the results.
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ABSTRACT. Modern measurement techniques are improving in capability to capture spatial
displacement fields occurring in deformed structures with high precision and in a quasi-continuous
manner. This in turn has made the use of vibration-based damage identification methods more
effective and reliable for real applications. However, practical measurement and data processing
issues still present barriers to the application of these methods in identifying several types of
structural damage. This paper deals with spatial Continuous Wavelet Transform (CWT) damage
identification methods in beam structures with the aim of addressing the following key questions:
(i) can the cost of damage detection be reduced by down-sampling? (ii) what is the minimum
number of sampling intervals required for optimal damage detection ? The first three free vibration
modes of a cantilever and a simple supported beam with an edge open crack are numerically
simulated. A thorough parametric study is carried out by taking into account the key parameters
governing the problem, including the wavelet mother function, level of noise, crack depth and
location, mechanical and geometrical parameters of the beam and the use of a padding method to
reduce border distortions. The results are employed to assess the optimal number of sampling

intervals for effective damage detection.
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1. INTRODUCTION

Thanks to the multi-resolution properties, wavelet functions act as a microscope with the ability
to analyze the details of non-stationary signals and to localize their singularities or those of their
derivatives [1]. In the past decades, Continuous Wavelet Transform (CWT) has widely been
recognized to be an effective and powerful tool for identifying the damage in Structural Health
Monitoring (SHM) by analyzing static or dynamic structural response in the spatial domain [2].

Liew and Wang [3] and Wang and Deng [4] analysednumerical and experimental, static and
dynamic, structural responses of simple cracked beams to identify damage in the spatial domain by
Wavelet Transform (WT). They highlighted that Wavelet Analysis (WA) is capable of identifying
the abrupt variation in beam deflection due to damage through a local abnormality of the wavelet
coefficients at that position. Subsequently several authors have examined in-depth the vibration-
based damage identification by wavelet analysis and applied it to a variety of structural problems
showing its effectiveness and versatility.

Focusing on the Gaussian wavelets, Gentile and Messina [5] discuss in a numerical-theoretical
way the CWT features of derivation, convolution and smoothing of noisy data. Due to the limitation
of the CWT in the presence of noise (CWT behaves as a high-pass filter at the fine scales and loses
details at the large scales), they underline the need of a trade-off between these scales in detecting
damage. Moreover, due to CWT redundancy regarding the free choice of the scale, the authors
recommend the use of CWT instead of discrete wavelet transform. By analysing modeshapes of
different cracked beams , the authors observe that the sensitivity in damage detection with respect to
crack location depends on the local curvature of the modeshape in the damaged area. Furthermore,
Messina [6]dealing with transversal beam vibrations in both the non-transformed and Fourier
transformed domains, discuss the ability of CWT in conjunction with differential operators to act as

a frequency filter and therefore to reduce undesired high frequency noise.



Pakrashi et al. in Ref. [7] present a statistical study on the identification of the existence,
location, and extent of an open crack from the first fundamental mode shape of a simply supported
beam by using CWT with the 4" order Coiflet wavelet (‘Coif4’). The problem of false alarm and its
significant reduction by the use of multiple measurements are illustrated. Loutridis et al. [8] analyse
through CWT both the analytical and the experimental fundamental vibration mode of a double-
cracked cantilever beam by using the 4™ order Symlet wavelet (‘Sym4”). In addition to the task of
locating the crack positions, they propose an intensity factor as an indicator of the crack size. Rucka
and Wilde [9] analyse numerically and experimentally the first modeshape of a plexiglass cracked
cantilever by the one-dimensional CWT and the first modeshape of a clamped steel plate with a
central defect by the two-dimensional CWT. The Gaussian wavelet of order 4, ‘Gaus4’, and the
reverse biorthogonal wavelet ‘Rbio5.5°, having both four vanishing moments, are used to analyse
the beam and the plate, respectively. Through a numerical and experimental study Wang and Wu
[10] detect the location of a delamination in a beam structure under static loading with a spatial
wavelet transform using the Gabor wavelet. A barely visible perturbation in the deflection profile of
the delaminated beam at the two delamination edges owing to the curvature discontinuity is
discerned through the WA.

In order to successfully identify damage through spatial wavelet analysis, precise and spatially
dense monitored data are necessary. In the last decades, a number of researchers have focused on
developing replacements for traditional sensors (e.g. accelerometers, strain gages, load cells), which
have the limitation of measuring the relevant parameters at a single location and of requiring
cumbersome wiring. The modern measurement techniques, on the other hand, can capture the
spatial field of the relevant parameters with high precision and in a quasi-continuous manner, even
for large civil engineering structures. Such techniques include the Digital Imagine Correlation

(DIC) and the digital imagine stereo-correlation (3D-DIC) [11-13], Global Positioning Systems



(GPS) [14-15], Local Positioning Systems (LPS) [16-17], scanning laser vibrometers [18-19] and
optic fiber sensors [20-21].

In order to fully exploit the potential and versatility of the spatial wavelet analysis when quasi-
continuous spatial measurement data are available, the present investigation is centered on the
impact of the spatial sampling of beam deflection shapes in detecting damage. The state of the art
highlights that in vibration-based damage detection methods the issue of selecting an appropriate
sampling interval to discretize operational deflection shapes is well known, but few authors have
investigated it in-depth.

Sazonov and Klinkhachorn [22] provide analytical and numerical arguments to select the optimal
modeshape sampling interval to maximize sensitivity to damage and accuracy of damage
localization. They highlight that the effects of measurement noise invalidate the intuitively
reasonable idea that smaller sampling intervals mean higher precision in damage localization. Guan
and Karbhari [23], noticing that modal curvature methods exhibit problems related to large
sampling intervals and that measurement noise increase with numerical differentiation procedures,
propose a new damage identification method based on the concept of element modal strain damage
index which is able to correctly locate a damage region even using sparse measurements of noisy
data. Zhong and Oyadiji [24] analyze the sampling interval sensitivity for damage detection in
simply supported cracked beams using three different methods based on the Stationary Wavelet
Transform (SWT). They search for the proper sampling distance as a function of depth, width and
location of the crack as well as of the amount of noise. The proposed methods are shown to be
robust if higher mode shapes are considered and to be accurate if the sampling interval with respect
to the beam length is equal or less than 0.01. In Refs [25-26], Surace et al. deal with the problem of
crack localization in post-damage operational beam shapes through a method based on a polynomial
annihilation technique. Through numerical simulations, they quantify the number of sampling

points (19 to 100 sampling points are considered) needed for damage detection. Whilst in absence



of noise, even with few measurement points (e.g. 25 data points), a small-medium crack can be
located, with increased noise level cracks can be identified only by using smaller sampling
intervals. Many authors [9, 27-28] observe that in the presence of course sampling intervals,
damage detection may encounter difficulties when CWT is used. To overcome the problem, they
adopt the technique of over-sampling the measured data through a cubic spline interpolation.

The present paper addresses the spatial CWT based damage identification in beam structures
with the aim of answering the following key questions: (i) can the cost of damage detection be
reduced by down-sampling? (ii) what is the minimum number of sampling intervals required for
optimal damage detection? The first three free vibration modes of cantilever and simple supported
beams with an open edge crack are considered (note that this study focuses on beams of constant
cross-section, characterized by homogeneous isotropic material and linear elastic behaviour). An in-
depth investigation of the effect of the spatial sampling of the beam modeshapes in identifying the
damage through the spatial CWT is carried out with reference to the minimum detectable crack. The
relevant aspects of the problem, such as the padding methods to reduce border distortions [29-31],
the mother wavelet functions (i.e. Coiflet and Gaussian of order 4, Daubechies of order 2 and real
Morlet [32]), the crack depth and its location along the beam, the level of noise (simulated by
synthetic Gaussian white noise) and the mechanical and geometrical beam parameters, are
identified and are made to vary. The results are discussed in detail and the optimal number of

sampling intervals for an effective damage detection is assessed.

2. MODELLING OF THE CRACKED BEAM

A cracked Euler-Bernoulli beam characterized by an open edge crack under different boundary
conditions at the two ends, i.e. clamped-free (cantilever beam) and supported-supported (simply
supported beam), is considered (Fig. 1). The free vibration responses are analytically evaluated by

solving the free vibration equations of the two uncracked sub-beams connected by a rotational
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spring (representing the local stiffness k. of the cracked cross-section of the beam) at the crack
location x.. The beam has a rectangular cross-section with height h and width b; the crack depth is a
and L is the beam length. The symbols I, A, E and p represent, respectively, moment of inertia and

area of the cross-section and Young’s modulus and density of the material.
Fig. 1 - Sketch of the two cracked beams under study.

The free vibration equation related to the two uncracked parts of the beam can be written as

o*v(x,t) ov(x,1)
El — + PpA - =0, 1
T @

where v(x, t) is the transversal displacement of the beam from its static equilibrium position at a
distance x from the left end at the time t. Separating the variables in Eq. (1) (v(x,t) =7(x) g(t)) and
solving the characteristic equation function of X, the modeshapes 7, and 7, of the left and right
sub-beam, respectively, are as follows

n,_ =C, sen(ax) + C,, cos(ax) + C, senh(ax) + C,, cosh(ex) 0<x <X, (2.1)
and
1 =Crsen(ax) + C,; cos(ax) + C,zsenh(ax) +C,; cosh(ex) X, <x <L, (2.2)

2 1/4
where o = (p ET) j and o is the natural frequency of the cracked beam.

The C, terms are integration constants arising from the solution of the fourth order differential
equation in space. By imposing the boundary conditions (see Eqgs 3 below), a system of eight linear
equations is formed. The natural frequencies of the cracked beam are found by setting the
determinant of the matrix of the linear system to zero and solving it numerically for the roots of «.

The coefficient Cy, is imposed to be equal to unity.



The boundary conditions of the cantilever beam at the clamped and at the free end are,
respectively:
n (0)=0 and 7, (0)=0, (3.1)
mr(L)=0 and ng(L)=0. (3.2)
The boundary conditions of the simple supported beam at the two ends are:
n,(0)=0 and 7/(0)=0, (3.3)
n,(L)=0 and n;(L)=0. (3.4)
For both the beams, the conditions of continuity of displacement, moment and shear at the crack

location can be expressed as

"

UL(XC) = 77R (Xc) ' 77|'_’(Xc) = 77& (Xc) and UL(XC) = nlg,(xc) ' (35)
The rotational spring at the cracked section introduces a discontinuity of the rotation which can
be written as

ﬂé(xc)—ﬂﬁ(xc)Z%%(Xc)- (3.6)

The local stiffness k. is evaluated, according to linear elastic fracture mechanics concepts,
through the following expression [33]

bh’E
24(51(1-5))? (5.93-19.695 +37.145% —35.845° +13.125*)

1kc

(4)

where 6 =a/h is the relative crack depth.

3. DAMAGE DETECTION BY SPATIAL CWT
3.1. Wavelet Analysis

Due to its multi-resolution properties, wavelet analysis, acting as a signal microscope, appears to
have a better ability to analyze the details of non-stationary signals in comparison to traditional

analysis tools, such as Fourier Transform or Short-Time Fourier Transform.
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A wavelet function w(x) is a zero mean local wave-like function which decays rapidly and

satisfies particular conditions [1]. A family of wavelet functions can be obtained by considering:

WK,S(X)=%VI(X;kj, (5)

where s and k are, respectively, the scale and the translation parameter. The continuous wavelet

transform of a signal 7(x) with respect to the wavelet function w(x) is defined as

W)= | ) oo X5 ©

where w* is the complex conjugate of .

Since the identification of a discontinuity in a function or in any of its derivatives can be linked
to the number of vanishing moments of the analyzing wavelet function (e.g. see Ref. [34]), it is
possible for a wavelet transform to detect singularities by choosing an appropriate basis function
w(X). Since the presence of an open crack in a beam may introduce a singularity in the derivatives of
the deflected shape, wavelet transform is deemed to be a powerful tool to locate the damage. Due to
the presence of the singularity, a wavelet transformed deflected shape yields a local variation or
extremum of the wavelet coefficient at the location of damage throughout the different scales.

In the present study different wavelet functions, i.e. the 4™ order Coiflets wavelet (‘Coif4”), with
8 vanishing moments, the 2" order Daubechies wavelet (‘Db2’) with 2 vanishing moments, the 4"
order Gaussian wavelet (‘Gaus4’) with 4 vanishing moments, and the real Morlet wavelet (‘Morl’)
[32], are used in the CWT in order to enlarge the investigation of the impact of the sampling
interval in damage detection. Furthermore, a MATLAB routine to perform the CWT for the
aforementioned wavelets is implemented by the authors to improve the accuracy of the existing

built-in one (the original routine approximates the signal through a constant piecewise function,

while the implemented one considers a linear piecewise trend) [35].



3.2. Noisy data simulation

Realistic situations are simulated in the following by superimposing noise to the signal
corresponding to the beam deflection obtained from the mechanical model described in Section 2. It
should be borne in mind that, in the ideal situation of no noise, wavelet analysis would actually be
unnecessary to detect the damage position, since by numerically calculating the second derivative of
the original signal the damage location can promptly be identified [36].

The presence of noise is simulated by adding a synthetic Gaussian white noise to the original
response. To quantify the noise level, the signal to noise ratio (SNR) is considered. The SNR,

expressed in decibels, is defined as

SNR =10lo Pignal
=10log,, P : (7)

noise

The term P with the subscripts in Eq. (7) denotes power and is computed as

1 & 2
P = 22060 ®)

where N, denotes the number of discrete points of a generic sampled function z(x).

3.3. Padding methods to reduce CWT edge effects

As above-mentioned, the CWT is defined by the convolution of the input signal 7(x) with a
wavelet function generated by scaling and translating its mother wavelet w(x). For a finite-length
signal, when the convolution operation is executed close to the signal ends, the wavelet window
extends into a region with no available data, so that the transform values close to the borders of the
signal are tainted by the nonexistence of data. Consequently, the values of the CWT coefficients
very close to the signal extrema arise abnormally (border distortions) and the real signal features of
that region are consequently corrupted by the transform. As a result, edge effects can provoke the

masking of the damage and yield false indicators.



To handle edge effects three extrema extension methods are considered in the following:

(1) the traditional linear padding method [29], which applies a linear extension, interpolating the
first two and last two values of the beam deflection shape (Fig. 2a);

(ii) the isomorphism padding methods proposed by Messina [30], which extend the signal either
through a polar-like symmetry (called “Rotation”) when its second derivative tends to zero
or a mirror symmetry (called “Turnover”) when its first derivative tends to zero (Fig. 2b);

(iii) the polynomial extension method suggested by Montanari et al. [31], which pads the
original signal by means of two high degree polynomial functions obtained through a fitting
procedure. The extension functions satisfy continuity conditions and extend the trend of the

noisy signal and its derivatives in an average sense (Fig. 2c).

Fig. 2 - A generic noisy data signal, 7(x), is extended through: (a) linear padding method [29], (b)
isomorphism padding methods proposed by Messina [30]; (c) polynomial extension method

proposed by Montanari et al. [31].

4. PARAMETRIC STUDY

The effect of the sampling interval of the cracked beam modeshape in damage detection through
the spatial CWT is numerically analysed varying the relevant parameters of the problem, that is: the
normalized sampling interval Ax/L (Ax/L is considered equal to 0.025, 0.01, 0.005, 0.0025, 0.001,
0.0005 and 0.00025), the noise level (SNR value is assumed equal to 130 dB, 100 dB or 70 dB), the
padding method (see Section 3.3), the wavelet function (i.e. ‘Coif4’, ‘Db2’, ‘Gaus4’ and ‘Morl’),
the deformed shape of the beam (i.e. the first three modeshapes of the cantilever and of the simply
supported beam) and the relative crack position along the beam (x./L is considered equal to 0.1, 0.3,

0.5, 0.7 or 0.9).
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In this Section, a cracked beam of length L = 1 m with a rectangular cross-section of height h =
0.05L and width b = 0.5h, constituted by an elastic linear isotropic material of Young modulus E =
200 GPa and density p= 7850 kg/m?®, is considered. In Section 5, the influence of the beam
parameters on the effect of the sampling interval in detecting the damage is analyzed. Note that, for
the present 1m-long beam, normalized sampling intervals of 0.001, 0.0005 and 0.00025 would yield
unrealistic distances between measurement points, but they are considered in the following

simulations in order to explore a broad range of sampling intervals.

4.1. Criterion for minimum detectable crack size

In order to investigate the effect of sampling interval in CWT based damage detection, the
minimum detectable (threshold) crack size for a given spatial sampling interval is obtained
according to the following criterion based on an iterative procedure.

While increasing gradually the relative crack depth ¢ from a value of 0.0001 to 0.95, the wavelet

transform is executed at fixed values of the scale s (s =2,4,6,...,200) and the maximum absolute

value of the transform is determined for each scale. If for a given relative crack depth ¢ this
maximum is attained for all scales at the crack position for each of an arbitrary number of 20
different random Gaussian white noise distributions, this value of 6 can be regarded to be
detectable, otherwise a larger value of ¢ has to be assessed. To allow for the numerical
approximation of the CWT, the crack depth is also regarded as detectable even if the CWT absolute
maximum is attained in either of the two nearest points (i.e. the preceding or the following point) to
the actual damage location. For very small sampling intervals (Ax/L <0.005), the criterion is
relaxed to any of the four nearest points to the damage location.

The results pertaining to the effect of sampling interval on the minimum detectable crack size are
presented in the following Sections (see the bilogarithmic graphs in Figs 3-9) as a function of the

pseudo-frequency, f, = f, /( AX - s), where f; is the center frequency of the mother wavelet (i.e. the
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frequency maximizing the Fourier transform of the mother wavelet modulus [29]). The values of
center frequency f. for the considered mother wavelets are: 0.6957 for ‘Coif4’, 0.6667 for ‘Db2’,

0.318 for ‘Gaus4’ and 0.8125 for ‘Morl’.

4.2. Sampling effect varying the padding method

The present study deals with the effect of sampling interval on CWT near-edge crack detection
(/L = 0.1 is considered) using different padding methods (linear, Messina’s and polynomial
padding methods are analysed). The first modeshape of the cantilever beam is investigated and the
‘Coif4’ wavelet is used in the CWT.

Figures 3, 5 and 6 represent, for different noise levels and padding methods, the minimum
detectable relative crack depth & as a function of the data relative sampling distance Ax/L and of

the pseudo-frequency f,. Graphs (a) refer to ‘low’ noise (SNR = 130 dB), graphs (b) to

‘intermediate’ noise (SNR = 100 dB) and graphs (c) to ‘high’ noise (SNR = 70). Note that the
curves in Figs 3, 5 and 6 are plotted by considering an upper limit of 6 equal to 0.95.

By juxtaposing the results reported in Figs 3, 5 and 6, it can be observed that the padding method
significantly influences the relation between minimum detectable crack size and pseudo-frequency.

When the linear padding method is used, considering f, >12 m™, at low noise level (SNR = 130

dB) the damage identification is a function of the pseudo-frequency only and not of the sampling
interval (Fig. 3a). At higher noise levels, at a given value of pseudo-frequency larger sampling
intervals are observed to be more effective in damage detection (see Figs 3(b,c)). This occurrence is
attributable to be due to the linear extension method whose performance in reducing edge effects
can decrease substantially in the presence of high noise and very small sampling step.

Moreover, considering f, >12 m™, the curves in Fig. 3 present a positive curvature with a

minimum value, regardless of the sampling distance, at about the same pseudo-frequency equal to

around 330, 60 and 12 m™ for SNR equal to 130, 100 and 70 dB, respectively (note that in Figs 3(b-
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c) for very low values of Ax/L the positive curvature is not evident). This behavioral trend is caused
by two reasons: the noise influence and the edge effects due to the linear padding. Moving from the
high to low values of f,, since high values of f, are very sensible to noise, smaller cracks can only be
detected until a minimum detectable crack size for certain level of noise is reached (the part of the
curves to the right of the minimum value is ruled by the presence of noise). When decreasing
beyond a certain value f,, the wavelet detects the edge discontinuity due to the padding method (the
part of the curves to the left of the minimum value is ruled by the edge effects).

Finally, as expected, the minimum detectable crack size tends to decrease with decreasing noise

level.

Fig. 3 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
linear padding method is used. The first modeshape of the cantilever beam with crack at x./L = 0.1

is analysed. (a) SNR = 130 dB; (b) SNR =100 dB; (c) SNR =70 dB.

At this point it might be worth explaining the reasons why for f, <12 m™ the curves of Fig. 3

deviate from the behavioral trend described above, showing a vertical asymptote corresponding to

about f, =2.4 m™. These reasons are related to the treatment of the edge effect at x = 0 using the

linear padding method and the crack location close to that beam end (x./L = 0.1), as discussed in the
following.

When the linear padding method is applied to a signal end with curvature different from zero (at
x = 0 in the case of the cantilever 1st modeshape), the second derivative of the padded signal
presents a severe discontinuity at that position [31]. Consequently, as shown in Fig. 4, the CWT
analysis of the padded beam shape exhibits, when ¢ is smaller than a certain value, the highest
coefficients close to the clamped end of the beam. For instance, using s = 8, corresponding to f, =

17.4 m™, the highest value of the wavelet coefficients is at x/L =0.02 when & <0.05, while using s
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= 52, corresponding to f, = 2.7 m™, it is at x/L=0.1, regardless of the value of & (the blue curves
related to 6 = 0 in Fig. 4b are overlapped by the green and red ones). This means that, around the
pseudo-frequency range f, =[2—4] m™, the CWT analysis does not detect the presence of tiny
cracks but the discontinuity due to the linear padded method at x = 0 (Fig. 4b) and the vertical
asymptotic trend of Fig. 3 takes place. On the other hand, as shown in Fig. 4a, by analyzing the
signal by means of high pseudo-frequencies (f. = 17.4 m™ is used), for small crack sizes the wavelet
analysis is more sensitive to the discontinuity due to the padding method, while for large crack size,
the wavelet analysis is more sensitive to the crack discontinuity and the damage identification is

satisfied. Analogous reasoning can be made for f, smaller than about 1.3 m™.

Fig. 4 — Zoom of the normalized absolute values of the CWT coefficients obtained by analyzing the
normalized first modeshape of the cantilever beam with crack at x./L = 0.1 varying the relative
crack depth 6. The signals are sampled at Ax/L = 0.005, considering SNR = 100 dB. Two different
scales are considered: (a) s = 8, corresponding to f. = 17.4 m™ in Fig. 3; (b) s = 52, corresponding to

f,=2.7m™ in Fig. 3.

In contrast to the results obtained with the linear padding method, when applying Messina’s
padding method, regardless of the noise level, the CWT- f, curves for different values of Ax/L tend
to overlap and the damage identification becomes, with good approximation, a function of the
pseudo-frequency only (see Fig. 5). This implies that, since the scale can be made to vary as
desired, large sampling intervals can be as effective as small ones. As for linear padding with
decreasing noise level, smaller cracks can be detected.

As in Fig. 3, the curves of Fig. 5 present a positive curvature with a minimum value, but now,
given the smaller influence of border discontinuities on the CWT introduced by Messina’s padding

method [31], the curves of Fig. 5 attain their minimum value at a lower pseudo-frequency than that
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observed in Fig. 3. The values of pseudo-frequency offering optimal damage detection are equal to

around 45, 16 and 5 m™ for SNR values equal to 130, 100 and 70 dB, respectively.

Fig. 5 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’.
Messina’s padding method is used. The first modeshape of the cantilever beam with crack at x./L =

0.1 is analysed. (a) SNR = 130 dB; (b) SNR =100 dB; (c) SNR = 70 dB.

By using the polynomial padding method [31], the damage identification turns out to be, with
good approximation, a function of the pseudo-frequency only (in the simulations of Fig. 6 the

fitting parameters of the method are assumed to be B, =3, =1, H, =H, and H, = H,). However

the curves of Fig. 6 exhibit a different trend than those obtained with the linear and Messina’s
padding methods. Rather than being characterized by a positive curvature, they decrease
monotonically from high to low pseudo-frequencies until, at a specific frequency, a sudden jump
occurs toward the upper limit of ¢ (say, equal to 0.95). This specific value of pseudo-frequency
represents, with good approximation, the lowest and optimal value of pseudo-frequency for damage
identification (the optimal value is that allowing the minimum crack size to be detected as the
pseudo-frequency is made to vary). It needs to be underlined that this lowest/optimal value of f; is
the same for all levels of noise. As shown further in Section 4.3, this result appears to occur when
the polynomial padding method is used together with wavelet functions characterized by many
vanishing moments.

The jump in the curves of Fig. 6 at the lowest/optimal value of f, occurs because, by analyzing
the cracked beam shape with wavelet functions characterized by lower pseudo-frequencies, even
large cracks cannot be localized due to the influence of the edge effects. In Section 4.5 it will be

illustrated that lower pseudo-frequencies can detect cracks located further away from the beam end,
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but in any case below a certain value of f,, damage detection fails due to the edge effects even in the
presence of large cracks.

Figure 6 shows that the curves for Ax/L = 0.00025 exhibit jumps to the upper limit of ¢ at a
higher value of pseudo-frequency than those for larger sampling intervals. This trend is due to the
fact that, when the crack is near the signal extremum, the wavelet analysis is tainted by edge
distortions, and, particularly for very low sampling intervals, the maximum CWT coefficient value
falls not exactly at the crack location (or at its two four nearest points, as permitted by the detection
criterion), but at sampling points other from that of the crack location. In Section 4.5, it will be
shown that when the crack is located far away from the beam ends, regardless of the value of the
sampling interval, the lower bound of pseudo-frequency is the same.

Hereafter, due to its effectiveness and versatility in handling general shapes of beam deflection
[31], the polynomial padding method is used and, since the minimum detectable crack size is
effectively only f, dependent, the results are shown as a function of the noise level only,

irrespectively of the sampling interval. Note that, in order to reduce the computational cost,
H, =H, and H, = H, is always imposed, but this assumption does not affect the results of this
investigation.

The f is used to indicate the optimal value of pseudo-frequency f, that gives the minimum

a,opt

detectable crack size ( f, ., is equal to about 12 m™ in Fig. 6). The value f, ., of pseudo-frequency

a,opt a,opt

approximately coincides, as shown above, with the lowest pseudo-frequency for performing

damage detection.
Fig. 6 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
polynomial padding method is used. The first modeshape of the cantilever beam with crack at x./L

= 0.1 isanalysed. (a) SNR =130 dB; (b) SNR =100 dB; (c) SNR =70 dB.
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4.3. Sampling effect varying the wavelet function

Figure 7 displays the results of the sampling step impact in the CWT damage detection executed
using the 2" order Daubechies (‘Db2’), the 4™ order Gaussian (‘Gaus4’) and the Morlet (‘Morl’)
wavelet functions. The first mode shape of the cantilever beam with crack at x./L = 0.1 is analysed.

Figure 7a shows that CWT damage identification by ‘Db2’, conversely to that by the other
wavelet functions, depends on both ‘Ax/L’ and f,. In addition, ‘Db2’ exhibits a poor damage
identification performance due to its characteristic of having only two vanishing moments [34].
Similarly to ‘Coif4’, using ‘Gaus4’ and ‘Morl’, the damage detection is, with good approximation,
just pseudo-frequency f, dependent in the medium-high f, range. In particular, using ‘Morl’ the
lower limit of f, (corresponding to large values of ‘Ax/L’) appears to be the smallest among those
of the wavelet functions considered. The behavioral trend of results shown in Fig. 7 seems to be
similar for the different SNR values considered.

The comparison with the results for ‘Coif4’ (see Fig. 6) demonstrates that ‘Coif4’ exhibit the
best performances in damage detection in comparison to the other wavelet functions, and hence it is

adopted throughout in the following.

Fig. 7 — Impact of the sampling interval in damage detection by spatial CWT varying the wavelet
function. The polynomial padding method is used and the first modeshape of the cantilever beam

with crack at x./L = 0.1 is analysed. (a) ‘Db2’; (b) ‘Gaus4’; (c) ‘Morl’.

4.4. Sampling effect varying the modeshape
The second and the third mode shapes of the cantilever beam and the first three mode shapes of
the simply supported beam are now analysed. The crack is located at x./L = 0.1. Figure 8 illustrates

the effect of the sampling interval in CWT damage detection using ‘Coif4’ and the polynomial
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padding method (f, =4, =1 is used in Figs 8(a,c), B, =0.25 and f,=0.33 in Fig. 8b,
B, =p,=05inFig. 8d and S, = £, =0.3 in Fig. 8¢). The jumps in the curves at low frequencies
are dependent on the analysed modeshape but, neglecting this disturbance due to edge effects,
damage identification appears to be a function of f, only. In Figs 8(a-e) the optimal pseudo-

frequency f, ., is, respectively, equal to about 11 m™, 18 m?, 12 m™, 16 m™* and 21 m™.

a,opt

Fig. 8 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
polynomial padding method is used and different beam modeshapes with the crack at x./L = 0.1 are
analysed. (a,b) second and third modeshape of the cantilever beam, respectively; (c,d,e) first, second

and third modeshape of the simply supported beam, respectively.

4.5. Sampling effect for various crack locations

The effect of the sampling interval in the CWT damage detection is further investigated by
varying the crack location: x./L = 0.3, 0.5, 0.7 and 0.9 are considered. The first modeshape of the
cracked cantilever beam is analysed. By juxtaposing the results of Fig. 9 with those reported in Figs
3 to 8, the influence of border distortions in dictating the optimal value f, ot Of pseudo-frequency of
the curves is clearly manifested. The further the crack location is from either beam end, the lower is
the optimal pseudo-frequency fiqn. This means that damage detection can be achieved with a
reduced number of sampling points. Furthermore, Figs 9(a-c) show that, since the crack is far away
from the beam ends, the f, o IS the same for each curve. In contrast in Fig. 9d, since the crack is
close to the beam end (i.e. x./L = 0.9), a similar trend to that of Fig. 6d is shown. In Figs 9(a-d) the

optimal pseudo-frequency f, .., is, respectively, equal to about 6 m™?, 2.5 m™, 6 m™® and 12 m™.

a,opt

Fig. 9 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The

-18-



polynomial padding method is used; The first modeshape of the cantilever beam with a crack at

different locations is analysed. (a) x.//L=0.3; (b) x/L=0.5; (c) x./L=0.7; (d) x./L=0.9.

4.6. Discussion of the results

Focusing on the results of Sections 4.2 — 4.5, pertaining to the use of the polynomial padding
method and the ‘Coif4’ wavelet, the following conclusions can be drawn:

(i) there is an optimal value of pseudo-frequency, independent of the noise level, which
maximizes the performance of the damage detection for a given beam deflection shape and
crack position;

(if) by adjusting the wavelet scale, damage detection performances can be similar for small and
large sampling intervals.

Considering that CWT based damage detection depends on the pseudo-frequency only, it is
numerically illustrated how the use of the proper scale range is essential in detecting damage when
different sampling intervals are considered [31].

The first modeshape of the cantilever beam, defined at the beginning of Section 4, with a crack
of 6 = 0.2 at x//L = 0.1 is analysed. The noise level is assumed to be equal to 70 dB. The same
modeshape is sampled at Ax/L = 0.01 and Ax/L = 0.0004.

Figs 10(a,b) report the contour plots of the CWT (‘Coif4’ and the polynomial padding method

with g =, =1 are used) when the signal is sampled at Ax/L = 0.01, and the scale ranges
s=[4-24] (i.e. s=4,56...,24) and s=[4—-6] are respectively used. The CWT coefficients,

considering the broad scale range, completely mask the crack location (Fig. 10a), which on the
contrary can be identified using the narrow scale range (Fig. 10b).
Figures 10(c-d) highlight that even if the signal is sampled at an extremely small sampling

interval (Ax/L = 0.0004), the CWT damage detection can be achieved only considering a proper
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scale range. The damage localization at the scale range s=[2-40] fails (Fig. 10c), while it
succeeds for s =[96 —158] (Fig. 10d).

The results reported in Fig. 10 are in agreement with those of Fig. 6¢, which deal with the same
beam deflection. Indeed Fig. 6¢ highlights that the optimal pseudo-frequency is in the range

f, =[11-18] m™, which for Ax/L = 0.01 corresponds to the scale range s=[4—6], and for Ax/L =

0.0004 to s =[96—158].

Fig. 10 — Contour plots of the spatial CWT using ‘Coif4’ and the polynomial padding method
(SNR = 70 dB). The first modeshape of the cantilever beam with crack of 6 = 0.2 at x./L = 0.1 is

analysed. Sampling interval Ax/L and scale range are varied: (a) Ax/L = 0.01, s=[4-24]; (b) Ax/L

=0.01, s=[4-6]; (c) Ax/L = 0.0004, s=[2—-40]; (d) Ax/L = 0.0004, s =[96—-158].

5. GENERALIZATION OF THE RESULTS

The results reported in Figs 3 to 9 in terms of minimum detectable crack size are related to
beams characterized by particular values of the parameters p, h, b, L and E. In this Section, the
influence of these beam parameters on the optimal pseudo-frequency in CWT based damage
detection with the polynomial padding method and a fit wavelet function (e.g ‘Coif4’), is analysed
and a further generalization of the parametric study is obtained.

According to Eq. 2, the functions describing the general modeshape depend on the boundary
conditions and on the parameter a, and in turns the corresponding natural frequency is a function of
the material density p and of a. Hence, the material density p affects the natural frequencies of the

cracked beam but not its mode shapes and it is not considered in the following.
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Then, by substituting the LEFM expression of the local rotational stiffness k. due to the crack
(Eg. 4) in the boundary condition representing the rotation discontinuity at the crack section (Eq.

3.6), we obtain:
75(%.) — (%) = 2h () (%) , )
where f(8) = (5/(1-5))*(5.93-19.695 +37.1452 — 35.845° +13.125*) is a function of the relative

crack depth ¢ only. For a given beam deflection shape (and, hence, for a given value of the

curvature in x., 7/(x.) =1,(X.) ), Equation 9 demonstrates that the rotation discontinuity due to the

crack is a function of h and o, but not of the other beam parameters b and E. Therefore, the CWT
based damage detection results are invariant for constant values of h, ¢, and L.,

As for the beam parameter h, it can be demonstrated [35] that its variation influences the
detectable crack depth but not the optimal pseudo-frequency value of CWT damage detection. In
summary, the optimal pseudo-frequency faopt iS independent of the beam parameters b, h, E and p
and hence, using the polynomial padding method and a given wavelet function, it is a function of
the deformed beam shape and the crack position x.. Formally, this can be written as:

f, oot = f (beam deflection shape, x_, L) . (10)

a,opt
Through the dimensional analysis and Buckingham’s theorem [37], EqQ. 10 can be expressed in

the following dimensionless form:

fa*,opt = f

L =f (beam deflection, x. /L), (12)

a,opt

Equation 11 states that the optimal pseudo-frequency f multiplied by the beam length L is a

a,opt

function of the beam deflection shape and the relative crack position x./L only.

*

a,opt

Figure 11 illustrates the f, .. against x./L curves pertaining to the first three modeshapes of the

*

a,opt

cantilever and simply supported beams. It can be noted that, mainly due to the edge effects, f

turns out to be higher near the beam ends, especially for the third modeshapes.
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a,opt

Fig. 11 — Variation of f,__ . for the CWT damage detection with relative crack location for the first

three modeshapes of: (a) cantilever beams; (b) simply supported beams.

According to the curves of Fig. 11, for a given wavelet scale, it is possible to calculate the
optimal number of sampling intervals needed to detect the smallest crack located at x./L using a
given beam vibration modeshape. For example, consider the requirement to monitor the service
state of a cantilever of L =5 m through the spatial CWT using the polynomial padding method and
‘Coif4’ wavelet. By analyzing the cantiliver’s first modeshape (or operational shapes similar to the
first modeshape), the optimum sampling interval to detect the smallest crack located more than

0.1m from the blade ends is Ax = ]:C LS = 0'63572'50 =~0.072 m, fors = 2.

a,opt

*

a,opt?

Finally, from the definition of f the optimal number of sampling intervals yielding the best

CWT damage detection at the scale s for a given crack location x./L, is equal to:

=—c - (12)

As an example, in Fig. 12 the minimum of such an optimal number of sampling intervals is
considered by taking s = 2 (the value of s = 1 is discarded in the present study) and it is plotted as a

function of x./L.

Fig. 12 — The minimum optimal number of beam sampling intervals, L/Ax, to perform the

optimum CWT damage detection at scale s = 2 is plotted against the normalized crack location for

the first three modeshapes of: (a) cantilever beams; (b) simply supported beams.
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5. CONCLUSIONS

The present investigation examined the effect of the spatial sampling interval in damage
detection by CWT, with the aim of answering the following key questions: Can the cost of damage
detection be reduced by down-sampling? What is the minimum number of sampling intervals
required for optimal damage detection? An in-depth parametric study has been carried out by
analyzing the first three mode shapes of a cantilever and a simply-supported beam varying the
relevant parameters of the problem, that is: the sampling interval, the noise level, the padding
method, the wavelet function, the crack depth and position along the beam, and the mechanical and
geometrical beam parameters.

The effect of the sampling interval in CWT based damage detection is investigated in terms of
the minimum detectable crack size (which is defined on the basis of an ad-hoc criterion) as a
function of the key parameter, pseudo-frequency. The padding method is observed to significantly
influence the minimum detectable crack size. Using the linear padding method, where at low noise
levels the damage detection is independent of the sampling interval, at medium-high noise levels
small sampling intervals appear to be less effective. On the other hand, extending the deformed
beam shape through Messina’s methods or the polynomial padding method, regardless of the noise
level, the damage detection is independent of the sampling interval and is a function of the pseudo-
frequency only. Among the different wavelet functions being analyzed, ‘Coif4’ seems to be the
most effective.

Focusing on the findings obtained using the polynomial padding method and ‘Coif4’ wavelet,
curves of minimum detectable crack size against pseudo-frequency for different relative sampling
intervals coincide and decrease monotonically with decreasing pseudo-frequency down to a lower

bound value of pseudo-frequency f, below which no damage detection is possible. This lower

bound of f, can be regarded as the optimal pseudo-frequency f, .., capable of detecting the smallest

a,opt

crack size by CWT. The parametric study shows that such an optimal pseudo-frequency depends on
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the modeshape and on the crack location along the beam. In addition, it has been observed that, for

a given modeshape and crack position, different beam structures, characterized by the same value of

Xc/L, attain the same optimal value of the dimensionless pseudo-frequency f, ., L.

In conclusion, even though modern measurement techniques allow beam deflection shapes to be
monitored with very dense sampling points, down-sampling the measurement points reduces
damage detection costs without affecting performance, as long as the optimal value of the pseudo-
frequency can be achieved. The minimum optimal number of sampling intervals, corresponding to
the wavelet scale equal to 2, can be determined in relation to the beam deflection shape and damage
location. Finally, by performing the CWT analysis in the range of the optimal pseudo-frequency,

down-sampling dense measured data can be used as a tool to verify the robustness of the results.
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Fig. 1 - Sketch of the two cracked beams under study.

Fig. 2 - A generic noisy data signal, 7(x), is extended through: (a) linear padding method [29], (b)
isomorphism padding methods proposed by Messina [30]; (c) polynomial extension method
proposed by Montanari et al. [31].

Fig. 3 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
linear padding method is used. The first mode shape of the cantilever beam with crack at x/L = 0.1
is analysed. (a) SNR = 130 dB; (b) SNR =100 dB; (c) SNR =70 dB.

Fig. 4 — Zoom of the normalized absolute values of the CWT coefficients obtained by analyzing the
normalized first mode shape of the cantilever beam with crack at x/L = 0.1 varying the relative
crack depth 0. The signals are sampled at Ax/L = 0.005, considering SNR = 100 dB. Two different
scales are considered: (a) s = 8, corresponding to f. = 17.4 m™ in Fig. 3; (b) s = 52, corresponding to
f.=2.7m™ in Fig. 3.

Fig. 5 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’.
Messina’s padding method is used. The first mode shape of the cantilever beam with crack at x./L =
0.1 is analysed. (a) SNR =130 dB; (b) SNR =100 dB; (c) SNR = 70 dB.

Fig. 6 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
polynomial padding method is used. The first mode shape of the cantilever beam with crack at x./L
=0.1is analysed. (a) SNR =130 dB; (b) SNR =100 dB; (c) SNR = 70 dB.

Fig. 7 — Impact of the sampling interval in damage detection by spatial CWT varying the wavelet
function. The polynomial padding method is used and the first mode shape of the cantilever beam
with crack at x¢/L = 0.1 is analysed. (a) ‘Db2’; (b) ‘Gaus4’; (c) ‘Morl’.

Fig. 8 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
polynomial padding method is used and different beam mode shapes with the crack at x./L = 0.1
are analysed. (a,b) second and third mode shape of the cantilever beam, respectively; (c,d,e) first,
second and third mode shape of the simply supported beam, respectively.

Fig. 9 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
polynomial padding method is used; The first mode shape of the cantilever beam with a crack at
different locations is analysed. (a) x//L=0.3; (b) X/L=0.5; (c) x./L=0.7; (d) x./L=0.9.

Fig. 10 — Contour plots of the spatial CWT using ‘Coif4’ and the polynomial padding method (SNR
= 70 dB). The first mode shape of the cantilever beam with crack of 6 = 0.2 at x, /L = 0.1 is
analysed. Sampling interval Ax/L and scale range are varied: (a) Ax/L = 0.01, s=[4-24]; (b) Ax/L
=0.01, s=[4-6]; (c) Ax/L =0.0004, s=[2—-40]; (d) ax/L = 0.0004, s =[96—158].

Fig. 11 — Variation of f_
three mode shapes of: (a) cantilever beams; (b) simply supported beams.

Fig. 12 — The minimum optimal number of beam sampling intervals, L/Ax, to perform the optimum

CWT damage detection at scale s = 2 is plotted against the normalized crack location for the first
three mode shapes of: (a) cantilever beams; (b) simply supported beams.

for the CWT damage detection with relative crack location for the first
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Fig. 1 - Sketch of the two cracked beams under study.
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Fig. 2 - A generic noisy data signal, 7(x), is extended through: (a) linear padding method [29], (b)

isomorphism padding methods proposed by Messina [30]; (c) polynomial extension method
proposed by Montanari et al. [31].
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Fig. 3 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
linear padding method is used. The first mode shape of the cantilever beam with crack at x./L = 0.1
is analysed. (a) SNR = 130 dB; (b) SNR =100 dB; (c) SNR =70 dB.
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Fig. 5 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’.
Messina’s padding method is used. The first mode shape of the cantilever beam with crack at x./L
=0.1lis analysed. (a) SNR =130 dB; (b) SNR =100 dB; (c) SNR =70 dB.
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Fig. 6 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
polynomial padding method is used. The first mode shape of the cantilever beam with crack at x./L
=0.1lis analysed. (a) SNR =130 dB; (b) SNR =100 dB; (c) SNR =70 dB.
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Fig. 8 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
polynomial padding method is used and different beam mode shapes with the crack at x./L = 0.1 are
analysed. (a,b) second and third mode shape of the cantilever beam, respectively; (c,d,e) first,
second and third mode shape of the simply supported beam, respectively.
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Fig. 9 — Impact of the sampling interval in damage detection by spatial CWT with ‘Coif4’. The
polynomial padding method is used; The first mode shape of the cantilever beam with a crack at
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