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DISLOCATION DYNAMICS IN CRYSTALS:
A MACROSCOPIC THEORY
IN A FRACTIONAL LAPLACE SETTING

SERENA DIPIERRO, GIAMPIERO PALATUCCI, AND ENRICO VALDINOCI

ABSTRACT. We consider an evolution equation arising in the Peierls—-Nabarro
model for crystal dislocation. We study the evolution of such dislocation func-
tion and show that, at a macroscopic scale, the dislocations have the tendency
to concentrate at single points of the crystal, where the size of the slip co-
incides with the natural periodicity of the medium. These dislocation points
evolve according to the external stress and an interior repulsive potential.
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1. INTRODUCTION
We consider the problem

(1.1) vy = Lsv— W (v) +0c(t,r) in (0,+00) X R,
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where s € (1/2,1), Ls is the so-called fractional Laplacian and W is a 1-periodic

potential. More explicitly, given ¢ € C2(R) N L>®(R) and = € R, we define
Loo(z) = % /}R ez +y) +|s;|(1ﬁ28 y) — 2¢(z) dy.

We refer to [21, 8] for a basic introduction to the fractional Laplace operator. As

for the potential, we assume that W € C%%(R), for some 0 < a < 1, and:

W(u+1)=W(u) for any u € R,

W(k)=0 for any k € Z,

W>0 inR\Z,

w"(0) > 0.

As customary, € > 0 is a small scale parameter, and o, plays the role of an exterior

stress acting on the material. We suppose that

oc(t,x) == 0 (' T%¢, ex),

(1.2)

where o is a bounded uniformly continuous function such that, for some « € (2s —
1,1) and M > 0, it holds

(1.3) ||Ux||Loo([o,+oo)x1R) + HO’tHLoc([o,Jroo)xR) < M,

lox(t,z+ h) — o (t,x)] < M|h|Y, for every z,h € R and t € [0, +00).
The problem in (1.1) arises in the classical Peierls-Nabarro model for atomic
dislocation in crystals, see e.g. [15] and references therein. We will recall the basics
of such model in the subsequent Section 2. Now, setting

. t x
Ue(t7.'1}) = m,; 5

we look at the equation satisfied by the rescaled function v, that is, recalling (1.1),

1 1 .
(ve)e = = | Lsve — W' (ve) + o (t,2) in (0,+00) x R,
(1.4) € €
ve(0,-) =2% inR.
To suitably choose the initial condition v? and to state our main result, we introduce
the basic layer solution u, that is the solution of the problem

(L5) Liu—W/'(u)=0 inR,
. w' >0and u(—00) =0, u(0)=1/2, wu(+o0)=1.
For the existence of such solution and its main properties see [19, 5]. An interesting
feature of this solution is the fact that it approaches its limits at £oo with a
polynomial decay, namely
1 x C

ZSW”(O) |£C|1+2$ = |$|1+23
as we will show in Proposition 7.2 (here and in the rest of the paper, H is the

Heaviside' step function). When s = 1/2 the estimate in (1.6) is somehow simpler,
thanks to some explicit representation formulas: in our case, to prove (1.6) we

(1.6) u(z) — H(x) + for any = € R,

INamely, H(z) = 0 if z < 0, H(z) = 1 if £ > 0 (the explicit value at & = 0, that is assumed to
be in [0, 1], plays no role).
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will construct by hand a particular solution for a different potential and scale it
appropriately in order to fit the asymptotics of the original solution.
We recall that the semi-continuous envelopes of u are defined as

(1.7) u*(t,z) = limsup wu(t',z’)
(t,2") = (t,)
and
us(t,r) = liminf w(t',2’).
(t",2")—=(t,2)
Moreover, given 29 < 29 < ... < 2%, we consider the solution (xi(t))iﬂ _y to
the system
. - IJ .
ng | =\ e g | i @)
2i(0) = a7,
where

(19) vz(émy)l.

For the existence and uniqueness of such solution see Section 8 in [9]. We consider
as initial condition in (1.4) the state

(1.10) W(z) = S0 (0,2) +ZN:u(x_$>7

where

(1.11) B:=W"(0)>0
The main result obtained in this framework is the following:

Theorem 1.1. Assume that assumptions (1.2), (1.3) and (1.10) hold, and let

N
(1.12) vo(t, @) :ZH(x—:ci(t))

where H is the Heaviside function, and (x;(t))i=1,... n s the solution to (1.8).
Then, for every e > 0 there exists a unique viscosity solution ve to (1.4). Fur-
thermore, as € — 0, the solution v, exhibits the following asymptotic behavior:

(1.13) limsup v (t,2") < (vo)*(t,z)
(t’,zé)_;})(t,a:)

and

(1.14) liminf ov.(t',2") > (vo)«(t, )

(t,a ’)»(t x)

for any t € [0,+0) and x € R.
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When s = 1/2 the result above was proved in [11], where it was also raised the
question about what happens for other values of the parameter s.

It is worth pointing out that one of the crucial ingredients used in [11] (see,
in particular, pages 20-21 there) is the precise knowledge of the asymptotics of
the layer solutions in the case when s = 1/2. In [11], this was obtained by pass-
ing through the harmonic extension, in order to use a comparison argument with
the solution of the Peierls-Nabarro problem, which has an explicit representation
when s = 1/2. On the contrary, in the arguments we provide here, we follow
a different approach that avoids both the harmonic extension (that is somehow
specialized for fractional Laplacian operators but does not fit other more general
equations) and the use of explicit formulas for solutions (that are only available
when s = 1/2). For us, the improved asymptotics for the layer solutions u of (1.5)
is based on an auxiliary class of potentials V' coupled with the solutions ¢ of the
corresponding problems L;¢ = V’/(¢), which we are able to control via the con-
struction of suitable barriers. Then, in a subsequent step, this general approach
will permit us to provide a precise order of approximation also for the asymptotics
of the original layer solutions v in terms of the original potential W.

Since, differently from [11], we do not make use of any harmonic extension results,
that are specific for the fractional powers of the Laplacian, our proof is feasible
for more general types of integro-differential equations (as a matter of fact, our
approach provides a different proof also for the case s = 1/2 treated in [11]).

In the course of the proof, our basic strategy is to make the ansatz that the
solution is, at the first order, the superposition of transition layers. To make this
rigorous, a suitable corrector needs to be introduced in order to take care of the
higher order remainders.

The rest of the paper is organized as follows. In Section 2, we will give a quick
review of the Peierls-Nabarro model, giving a physical interpretation to the results
in Theorem 1.1. In Section 3, we will present some formal heuristics on the transi-
tion layers, in order to explain how the ODE system in (1.8) naturally appears as
the leading order of the dislocation evolution.

Then, the rigorous mathematical treatment of the problem begins in Section 4,
where we point out a comparison principle that will be used in Section 5 to introduce
the layer solution and the solution to an auxiliary corrector equation, needed to
approximate the solution at a sufficiently high order. In Section 6, we construct
an auxiliary transition layer driven by a suitable potential, which will be used
in Section 7 to control the standard transition layer up to the desired order of
approximation. The proof of Theorem 1.1 will be completed in Section 8.

2. PHYSICAL MOTIVATIONS

We recall here a simple (and even oversimplified) version of a model for the
dynamics of the dislocation of atoms in crystals. The model is related to the
Peierls-Nabarro energy functional that combines the elastic properties of the ma-
terial with a misfit occurring along a glide line (for simplicity, we consider here
a two-dimensional model). The system is in fact a hybrid combination in which
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a discrete dislocation occurring along a slide line is incorporated in a continuum
medium. Of course, any hybrid system is based somehow on a radical approxima-
tion of the structure of the matter, but this may also lead to equations that are
more convenient to deal with analytically than the ones arising in more detailed,
but less treatable, models. Also, in spite of the simplicity of the equations obtained,
the Peierls—Nabarro model and its modifications are commonly considered as good
explanations for the plastic behaviors of some metals.

In our mathematical setting, the medium will be the plane R?, endowed with
coordinates (z,y), and the glide line will be taken as the z-axis. As a matter of fact,
since the argument is symmetric, we will focus only on the energy contribution of
the upper half-plane R? := {(z,y) € R? s.t. y > 0} (or, simply, we make a slide
deformation in the upper part of the crystal, by keeping the lower part fixed).

We suppose that the material has a crystalline structure that leads atoms to
display periodically. Namely, the atoms on the z-axis have the preference of occu-
pying the integer sites, in virtue of the configuration of the crystal on a large scale.
If a misfit occurs (e.g. due to an external stress) which moves some atoms out of
their rest position, the material will react trying to restore a crystalline configu-
ration, that is either the original configuration or one obtained by translating the
configuration by the natural periodicity of the crystal. This effect may be modeled
by defining v°(z) to be the discrepancy between the position of the atom x with
its rest position (hence, at a global scale, the misfit of the crystal on the glide line
is v0(+00) — v(—00)). Then, the misfit energy is taken as

MW = /}R W0 (2)) da.

Notice that (1.2) assures that .# is minimized when all the atoms are at rest
(i.e., v = 0) as well as when all the atoms are shifted to another periodic configu-
rations (e.g., v =1).
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Figure 1

The material? is also influenced by the classical elastic energy. That is, by
considering the dislocation function v(z,y) on all RZ (notice that v(z,0) = v°(z)),
the elastic contribution is given by

1
&) = g/Rz |Vo(z,y)|* de dy.

+
The total energy of the system is, therefore,

1

F(v) = EW) + M (°) = 7/ |Vo(z,y)|? de dy —|—/ W (v(z,0)) dz,
2 Jrz R

up to dimensional constants that we neglect. We remark that critical points of .%

(and in particular energy minimizers) satisfy the equation

Av(z,y) =0 for any z € R and y > 0,
Oyv(x,0) = W' (v(z,0)) for any x € R,
that is, up to a normalizing constant, Li/,v°(z) = W/(v%(x)) for any z € R

(to be compared with (1.5)). The corresponding parabolic evolution equation is
v) = Lyo0° — W'(0°) (to be compared with the forced analogue in (1.1)). The
operator Ly (and even more general types of operators) may be obtained with this
construction in presence of heterogeneous media.

2Figure 1 is an attempt of describing the deformation in a portion of the crystal. Though
the crystal is infinite, each row drawn in the picture contains ten atoms, for simplicity. The
three upper rows belong to R2 , while the three rows on the bottom lie in R? \IR%r The arrow
on the third row represents vY, that is the dislocation from the original position of the atom,
which is represented by a void circle: in this case, if the period of the crystal is 1, then v
there is approximatively 0.5, while v on the extreme left (respectively, on the extreme right) is
approximatively 0 (respectively, 1).
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As a matter of fact, we can perform a small variation of the model above to
obtain the equation for v° by an argument which only involves the elastic reactions
on the slip line. For this, we suppose that the displacement v° causes an elastic
reaction on the slip plane with some polynomial decay. For instance, suppose that
the elastic energy density at the point z of the slip line is proportional to v%(z),
say

d&0(vY;x) = (20 () da

and assume that % (z) arises from the variation of v° along the line, weighted by
a polynomially decreasing tail, such as, in the principal value sense,

%(x):/]RUO(x)_UO(y)d

|SU _y‘1+25

Then, at least formally, we have that

£ = /R 46°(1°; z)
-/, / |zf e
-/ /R <_y>y|<>ddy
- S e

In this framework, the total energy becomes

E00) + // |x_ |1+<28))2da:dy—l—/RW(v(x,O))dx,

up to dimensional constants, and critical points of this energy functional satisfy
L®(x) = W (v9(z)) (compare again with (1.5) and (1.1)).
In these physical models, Theorem 1.1 studies the (sufficiently long) time evo-

lution in a crystal with (sufficiently small) periodic scale of the atom dislocation
under an external stress. The initial configuration taken into account in (1.10)
corresponds, roughly and in the appropriate space and time scaling, to N separate
dislocations that are as intense as one single period of the crystal and are centered
at 9,..., 2%, possibly plus an external strain deformation. This dislocation func-
tion evolves in time approaching the superposition of N pure deformations, each
of the size of the periodicity of the crystal: in this sense, at least at a macroscopic
space and time scale, dislocations occur at single points of the crystal, and each
dislocation has exactly the same size as the periodicity of the crystal (see (1.12);
the envelopes in (1.13) and (1.14) are mainly needed to obtain a semi-continuous
interpolation of the profile from both sides, thus resolving the ambiguity of the
notion of the displacement function at its jump points).
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These pure deformations are centered at points x1(t),...,zn(t) that evolve ac-
cording to (1.8): that is, they react elastically against the external stress® and
interact one with the other in a repulsive way.

In this sense, Theorem 1.1 gives a detailed and rigorous mathematical description
of the creation, displacement and motion of defects in crystals under a small external
stress.

Models similar to the one discussed here were presented also in [1, 2, 6, 7, 10,
12, 13, 14, 17, 18, 23, 24]. For further discussions about the dislocation dynamics
also in relation with homogenization properties see e.g. [16] and references therein.

Figure 2

3. HEURISTICS ON THE DYNAMICS OF THE TRANSITION LAYERS

Here we would like to give a formal (absolutely not rigorous) justification of the
ODE system in (1.8) that drives the motion of the transition layers.

3Notice a sign change in the stress between (1.1) and (1.8). There is no mystery in this sign
change, as we try to explain in Figure 2, where a single translation is considered in case of a
positive stress o. Suppose that the dashed curve represents the transition v at time ¢. Then, at
any given point, the positive stress will try to increase the value of v at time t 4 §t, according
to (1.1). The result of this increasing the value of the function is represented by the solid curve
in Figure 2. All in all, the dashed transition at time ¢ has moved towards the left to the solid
transition at time ¢ 4 dt. This clearly suggests that a positive stress results into a motion of the
transition points towards the negative side and explains the sign change for o from (1.1) to (1.8).
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For this, we use the notation ~ to denote equality up to negligible terms in €
and we exploit the notation

Uei(t, ) = u (“”_f(t)) :

With a slight abuse of notation we write

uli(t,x) = <xf(t)> .

We also write v for a generic integer number: e.g., we will write that the Heaviside
step function H is equal to v, since it is equal to either 0 or 1, and notice that
W' (v) =0 and W(r +v) = W(r) for any r € R. In this setting, by (1.6), we have

that
H(m—xi)_ €2 (x — ;)
€ 2sW"(0) |x — a1 128
B €2 (x — x;)
2s W"(0) |z — ;|28
The idea is now to use the ansatz that the solution v, is well-approximated by the
sum of N transitions, and plug this expression into equation (1.4). For this we

Ue,i(t, T)

12

(3.1) -

write

so that

i=1
and Lgve = eisi([]éu) (:z: fZ(t)>
ol T — x;
- = (=)

_ 6% SOW (et @)

i=1

By inserting into (1.4), after a multiplication by € we obtain
S (DY
; €
=1
:629 [ZW’ ue i (t,x)) (Zu“t:ﬂ>+6250(t,x)1.
i=1

Now we make some observations on the asymptotics of the potential W. First of

(3.2)

all, we notice that

(3.3) /RW’ (w(z)) v (z) dz = /]R %W (u(z)) dz = W (1) — W(0) = 0.



10 S. DIPIERRO, G. PALATUCCI, AND E. VALDINOCI

Thus, by changing variable,
(3.4) /W (e, (t, ) ul (¢, x) dz = 0.
Also, we observe that, if ¢ # k, the function

T — X4
y»—>u<y+ p >

is asymptotic to either 0 (if 2y < ;) or 1 (if ¢ > x;) for small €, hence we write

T — Tj
U y—l—f ~y

for any i # k. Thus,

So, we use the substitution y := (x — x)/e to see that

%/}RW’ (i\f: um(t,x)) ug (t,z) dz
(3.5) - /]RW’ <§:u <y + 2k - x)) v/ (y) dy

thanks to (3.3). Using (3.5) and (3.4), we obtain that

625 lz W (uei(t, ) <Z uei(t, ) + ezsa(t,x)] ug . (t, x) da

[ N
1
(3.6) ~ g | |2 W (telt ) +e%a<t7x>] (1, 7) da
' R {i=1

S /R S Wit 2) + 2o(t,x) | ul (L z) da.

1<i<N
L i#k
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Now we use (3.1), the fact that W’ (0) = 0 and a Taylor expansion to see that

2s .

/ it ~ / _ € (x — xl)

W(u, ( ,.’E)) w (V QSW”(O) ‘$—$i|1+23
_w —€2 (x — x3)
2sW"(0) |x — x;|tH28
25 (LU _ xz)
2s W”(O) |z — x;| 1 +2s

Therefore, using the substitution y := (x — x1)/e, we obtain that, for any i # k,

1 , , 1 e (rx—x;) ,[x—ap
E/]RW(u€7i(t,z))u€7k(t,x)dx o~ 6/]R2s|x—sci1+25u . dz

_ 7/ e (z — xi + ey)

R 28 |zK — x; + ey|tH2s

€2 (v — ;)
~ - —= d
/]Rgs|xk_xi|1+2s“(y) Y

23(

u'(y) dy

—e (x — ;)
3.7 = —
( ) 25|xk*xi‘1+25

Moreover

E/U(t,x)u;k(t,x)dx = /cr(t,:z:kJrey)u'(y)dy
R R

€

(3.8) ~ /]Ra(t, ) (y) dy = o(t, zx).

So we plug (3.7) and (3.8) into (3.6) and we conclude that

/ lz W' (ue (¢, x) <Zu“ (t,x > +6250(t,x)1 ug . (t, x) da
€ (zr — x:)

~ — Z W+€U(t,xk).
1<i<N
i#k

Observe now that, if i # k, the function

y—u <y+xk_xi>
€

is asymptotic to u'(£oo) = 0 for small €, therefore

/ u (m—xz) ul ,(t,z)dz
R € ’

=€ / o (y+ Tk _xi> uw'(y)dy ~ 0
R €
if ¢ # k. Similarly,

/]RU/ (I 6xk> tenlt, @) dv = 6/]R(U’(@/))Qdy = %

(3.9)
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by (1.9). Now we test (3.2) against u; ; and we recall (3.9). We obtain

1. €(r — )
—o M) == ) g et e,
1<i<N g
itk

which gives (1.8) after a division by e.

4. A COMPARISON PRINCIPLE

For further use, we present here a comparison principle for sub and supersolutions
decaying at infinity:

Proposition 4.1. Let v € L=®(R) N C?(R) such that
(4.1) lim v(z)=0.

z—+o0

Suppose that there exists a function d € L (R) such that d(z) > 0 for any x € R,
and Lgv = dv (respectively Lsv < dv). Then either v =0 or v < 0 (respectively v >
0).

Proof. We prove first that
(4.2) Liv>dv = v<0.

By contradiction, assume that the function v reaches its maximum at a point &

such that v(Z) > 0. Therefore,

1/ (T +y) +v(@—y) —20(T) d
R

(4.3) Lov(z) = 5 [y +2s

y<0

since v(x) < v(Z) for any « € R. On the other hand,
(4.4) Lsv(Z) = dv(z) > 0.
From (4.3) and (4.4) we get that

v(@z+y) +v(@—y) —20)=0

for any y € R, hence v is constantly equal to its maximal value v(Z). From the
fact that such value is strictly positive, we reach a contradiction with (4.1). This
proves (4.2).

Now, we want to show that v < 0 unless v = 0. For this, we suppose that v # 0
and that there exists a point Z such that v(Z) = 0 > v(z) for any « € R, with strict
inequality in a non empty domain. Hence,

1 @ +y) +o(@ —y) —20(T)
/]R [y +2s

dy <0
and
Lsv(Z) = dv(z) = 0.

The inequalities above give a contradiction. This concludes the proof of the propo-
sition. (]
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5. LAYER SOLUTION AND CORRECTOR
We recall the following layer solution construction given in Theorem 2 of [19]:

Theorem 5.1. Under the assumptions on the potential W given in (1.2), there
exists a unique solution u to (1.5). Moreover, u € C*(R) and there exists a con-
stant C > 1 such that

(5.1) lu(z) — H(z)| < Clz|™%  and |/ (2)| < Clz|~(F2%)
for any large x € R.

As for the corrector equation, we consider the following problem:

5:2) { Lop = W"(u)yp = ' +n(W"(u) = W”(0)) in R,
. P(—00) = 0 = 9(+00),
where
/ (' (2))? dz
(5.3) n= JR

W/I(O)

The fact that (5.2) is a good ansatz for the corrector equation may be heuris-
tically inferred from the computations in Section 3.1 of [11] (see, in particular,
formula (3.18) there). The existence of a solution for such problem is given by the
following

Theorem 5.2. Suppose that the assumptions on the potential W in (1.2) hold.
Then, there exists a unique solution ¢ € H*(R) to (5.2). Furthermore, we have
that ¢ € Co*(R) N L®(R), for some o € (0,1), and

loc
19" || oo (m) < +00.

For the proof of Theorem 5.2, we consider the following bilinear form on H*(R)

o =y

and the quadratic functional

1 [v(x) — v(y)” 1 (N2
where w is the layer solution introduced in (1.5). Also, we consider the closed subset
X C H*(R) given by the functions v orthogonal to u’ in L?(R); that is,

(5.6) X = {v € H°(R) : /]Rv(x)u'(a:) dz = 0}.

We want to prove that the operator . is coercive on X. This does not come for
free, since W (u) is not bounded from below by any positive constant. However,
we can prove the following

Lemma 5.3. Let 9 : H*(R) — R be defined by (5.5) and let X C H*(R) be defined
by (5.6). Then there exists a positive constant C such that

(57) g(?}) = CH’UH%Q(]R)’ Yo e X.
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Proof. First of all, we observe that
(5.8) Y(v) = 0 for any v € H*(R).

To prove it, for any R > 0 we introduce the energy functional

— w2 R
Ep(w) := ;/QR dedy—&-/_RW(w(x)) dz,

where Qr = ((—R, R) x IR) U ((IR\ (-R,R)) x (—R, R)) Since u is a local
minimum (see [19]), we have that &r(u + ev) > Er(u) and Er(u — ev) = Eg(u) for
any € > 0 and any v € C§°([—R, R]). As a consequence,
0 < &Er(u+ev)+ Er(u—ev)—28p(u)

= ED?Ep(u)v,v] + o(€?)

= 2¢29(v) + o(€?).
Then, a division by €? and a limit argument gives that ¥(v) > 0 for any v €
C&°([-R, R]). Since R > 0 is arbitrary this holds true for any v € C§°(R) and so,
by density, for any v € H*(R), thus proving (5.8).

Now we define X7 to be the set of all functions v belonging to X and such

that ||v||z2(r) = 1. Let also

7:= Ulenil 4 (v).
We remark that
(5.9) 7 < 4o00.

Indeed, let I_ and I be two disjoint open intervals and ¢+ € C§°(I1.), with ¢+ > 0
in I4+. We also define

D= ( /]R ¢_(x)u’(x)dx>2 /}R & (2)da + ( /}R ¢>+(a:)u’(x)dx)2 /}R 62 (2) dz,

_=D7'? '(x)d

a [ ora@n@ s

a; = D_1/2/ ¢ (z)u (z) dx,
R

and ¢:=a_¢_ —arpy.

Notice that ¢ is smooth and compactly supported, hence ¢ € H*(R). Also, a simple
computation shows that

/]Ra(x)u’(x) dv =a- /]Rci)_(x)u’(x) dz —ay /]R¢+(l‘)u'(x) dz =0 and

12 2 2 2 2 _
112, = a2 /R 6% (2) dz + a2 /}R ¢ (x)de = 1,

and so ¢ € X}. This implies that 7 < ¥(¢) that establishes (5.9).
From (5.8) we know that 7 > 0. We claim that

(5.10) 7> 0.
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Before proving this, we observe that (5.7) would plainly follow from (5.10) since,
for any v € X\ {0},

G (v) = [vl|72m) ¥ (v/ [Vl 2w)) = W0lI72m)-

Hence, to prove the desired result it is enough to prove (5.10): for that we argue
by contradiction® and suppose that

(5.11) 7=0.

So, we take a minimizing sequence {vg}r C X7, that is, making use of (5.11),
12 =7= 1 .

(5.12) 0=1 k_lrfm%(vk)

Of course, we can also assume, without loss of generality, that
(5.13) G(vg) <141

We claim that

(5.14) lvk|| = (r) is bounded uniformly in k.

To prove this, we use the assumptions on W given in (1.2) and the asymptotic
behavior of u given by (5.1) to find a constant M > 0 and a nonnegative smooth
function ¢ supported in a compact interval [— Ky, Ko|, with K sufficiently large,
such that

(5.15) W"(u)+¢ > M >0, VzeR.
Thus, recalling (5.13), we obtain
wmin {1/2 37/2) o -

ok (@) — v () 1 5
< // |x— |1+23 dz dy+2/]R(W//(u)+<P>dex
= %(vk)+2/ pvidae

< 5+1+|\<P||LOO(R)/ vi dz
R

= 1+ 1+ [l¢llpem)-

This establishes (5.14).
Now, we split the functional ¢ as follows

1
(5.16) G(v) = 3wl + (),
where we set
v(z
o]l —// lole) — vly) 7 |1+25 " da dy +/}R(W”(u’)+ap)u2dx
and RH(v) = ff/ v da.
2 )k,

4The proof is a bit long (it will end on page 19) and difficult to break into single pieces: for
the facility of the reader, we provide the full details of all the arguments involved.
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In view of (5.15), the functional || - || provides a norm which is equivalent to
|l - | zs(r) and which naturally arises from a scalar product (hence we call H the
associated Hilbert space). Therefore, thanks to (5.14), there exists a function vy €
H*(R) such that, up to subsequences,

(5.17) v — vp in H,
which gives
(5.18) llvoll3, < liminf [|vgl|,.
k—o0
We remark that, at this level, we are not claiming that vy € X;, nor that ¥(vg) =7
(i.e., we are not saying that vy is a minimizer).
From (5.14) and the compact embedding H*(R) < L?([-K, K]) for any com-

pact subset [—K, K] C R (see, e. g., [8, Theorem 7.1]), we obtain that a strong
convergence holds in (5.17) in the norm of L?([—K, K]), namely

(5.19) vg — v in L*([-K, K]).
This, by taking K > Ky, implies that
(5.20) R(vi) = Z(vo).

By (5.12) and (5.16) we know that

(521) 0= tim @) = tim_(Glol + 2w)).
On the other hand, by (5.15), we have that
ol > Do 3y = 31
and so, recalling also (5.20), we deduce from (5.21) that
0> M + %(vo).
In particular, since M > 0 and 2(0) = 0, this implies that

(5.22) vo 2 0.

Now we claim that vy € X, that is, by (5.6),

(5.23) /]RU()(.T)U/(.’E) dz =0.

To prove it, we notice that

vo(x) — vg(z) de < 2 [ vi(x) +vi(x)dz < 2 ||v0||?q5(1R) +1).
R R
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Therefore, fixing K > 0 (to be taken as large as we wish in the following) and using
that v, € &,

/Rvo(x)u'(x) dz

/]R (vo(x) - vk(x))u'(m) dz

< ‘ /_ ]; (vole) — vi(a) ) (@) | + /R - (vol) — vi(@) o' (2)
< \/ [ (- wi) e [ ) a

+ \/ /]R e (uol) - vk(x))Qda: /R - (u/(2))? do
< I lsmaoloo — wnlaqo oy + I sy 2ol gy +1)-

So, if we fix K > 0 and we send k to 400, we deduce from (5.19) that

/vo(x)u/(x) de| < |u’||L2(R\[_K,KD\/2<|v0||§{S(R)+1).
R

Now we send K to +oo and we finish the proof of (5.23).
Also, from (5.16), (5.18) and (5.20) we obtain

4 (vo) < liminf ¥4 (vy).
k—o0

Hence, by (5.12), we obtain that ¥(vg) < 0 and so, by (5.8), that

(5.24) 0=9(vo) = ver}r}lsr(lmg(v).

As a consequence vy solves the corresponding Euler-Lagrange equation 4’ (vg) = 0,
that is

(5.25) Lsvg = W (u)vo.

The equation above should be, in principle, intended in the distributional sense:
however, from the Morrey-Sobolev embedding (see, for instance, [8, Theorem 8.2])
we have that

(5.26) vg € C“(R) N L*=(R)

with @ := (25 — 1)/2 > 0 and so vy is also a classical solution of (5.25); see [20].
Now we point out that

(5.27) vo(z) = 0, asx — Foo.

Indeed, suppose by contradiction that there exist ¢g > 0 and a sequence of points

Xy — +00 such that |vg(z,)| > €. Then, by the uniform continuity in (5.26), we

get that for every n € IN we can find a neighborhood B,, of z,, of measure coe(l)/ *

for a suitable ¢y > 0, such that |vg(z)| > €p/2 for any = € B,,. This contradicts the
fact that vy € L?(R), thus proving (5.27).
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Now, from the assumptions on the potential W in (1.2) and the asymptotic
behavior of u given in (5.1), we get that there exists R > 0 such that
(5.28) W (u(z)) = 7:=W"(0)/2>0 for every z € R\ (—R, R).

Fixing R in this way, using (5.26) and the fact that v’ is positive (see (1.5)), we
conclude that there exists a constant ko > 0 such that |vg| < kot in [-R, R]. Now,
we denote by

Ky := inf {Fc s.t. |vo(z)| < Kku/(z) for any z € [—R,R]}.

Obviously, k4 < kg. Then,

(5.29) lvo| < ket in [-R, R],
and
(5.30) there exists a* € [—R, R] such that |vg(z*)| = k.u/(z*).

We define the functions
24 (x) = ko' (2) £vo(x), Vo eR.
Notice that, by (5.29), we have
(5.31) zy 2 0in [-R, R].
Moreover, from (1.5) we have that u’ solves
Lou' = W' (u)d/,
which, together with (5.25) implies that zy satisfy

(5.32) Leze = W' (u)z+ inR.
We claim that we can extend the validity of (5.31) to the whole of R, namely
(5.33) 2. >0in R.

To prove (5.33), we assume by contradiction that infg z4 < 0. We notice that z4
are continuous functions and that, thanks to (1.5) and (5.27),

ze(x) = 0, asx — too.
Therefore, since (5.31) holds, there exist z+ € R\ [—R, R] such that
(5.34) ze(xg) = m]én 24 < 0.

Hence

1 — —2
/ ze(we +y) + 2ze(xe —y) — 224 (v1) dy > 0,
R

5.35 L, = -
( ) 24 (1) 5 |y|1+2s

since zy(x) > z4(z4) for any € R. On the other hand, since x4 € R\ [-R, R],
we deduce from (5.28) that W (u(z+)) > 0, and so, by (5.32) and (5.34), we have

Lezi(xy) = W (u(zy))z+(zs) <O,

thus obtaining a contradiction with (5.35). This proves (5.33).
Now we define, for every = € R,

di(z) == max {W" (u(x)), 7}, do(z) := dyi(z) — W (u(x)),
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where 7 was introduced in (5.28). Notice that both dy and ds are nonnegative on R.
Therefore, recalling (5.32) and (5.33), we have that zy satisfy

(5.36) Lsze = W' (u)zg = (W"(u) —dy) 24 +d1 24 = —do 24 +dy 24 < dy 24.
From (5.33), (5.36) and Proposition 4.1 we obtain that
(5.37) either z4 > 0 or z4 = 0.

Then, from (5.30) and (5.37), we deduce that either z_ = 0 or z; = 0. In any
case, there exists k4 € {K,, —k,} such that kyu'(z) = vo(z) for any € R. Hence,
from (5.23), we have that x4 has to be zero, and so vy = 0, which is a contradiction
with (5.22).

Hence, (5.10) holds true, and this concludes the proof of Lemma 5.3. O

A simple consequence of Lemma 5.3 is the following result, in which the norm
in L2(R) is replaced by the one in H*(R):

Lemma 5.4. Let 9 : H*(R) — R be defined by (5.5) and let X C H*(R) be defined
by (5.6). Then there exists a positive constant C such that

G) > Clolyem, Vo€ X

Proof. Let C be the constant given by Lemma 5.3. Thanks to the boundedness
of W", there exists 0 > 0 small enough such that

2(1 = 6)C + W' (u) > C.
This, together with (5.7), yields

Gw) = (1-08)%)+9(v)
> (1=0)Clv]|72) + % (v)

_ 5 |v(m)—v(y)|2 1/ 7 2
_ 2/]R | drdy 4 [ (201804 6W " (w)o? d

WV

min {§/2, C/Q}HUH%{s(R)’

and thus in turn implying the desired result, up to renaming the constant C. [

Proof of Theorem 5.2. In order to find a solution to (5.2), we set

fi=u+ n(W”(u) — W”(O)),
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where 7 is given in (5.3). We observe that f belongs to X', which is given in (5.6).
Indeed, thanks to (1.2) and (5.1), f € H*(R). Moreover,

/]R f(x)d (z)de

= /R(u’(x))2dx—l—n/RW”(u(x))u’(x)dm—nW”(O)/Ru’(ac) dx

/R (! (2))? e + (W (1) — W(0)) —

= 0.

d
o (z))? dz — W' (u(z))dz — "’
J @) [ W) de—n W)

fR(u’(m))2 dz

W)

Now, we consider the continuous linear functional F' on H*(R) given by

v%Fv::f/fvdx Yo € H*(R).
R

The bilinear form .Z defined in (5.4) is coercive in X, thanks to Lemma 5.4. There-

fore, from Lax-Milgram Theorem, there exists a unique ¢» € H*(R) such that
Z(Y,w) = Fw for any w € H*(R).

This means that v is a weak solution to (5.2). As a matter of fact, by the Morrey-
Sobolev embedding (see, for instance, [8, Theorem 8.2]), we have that ¢ is bounded
and continuous and so it is also a classical solution of (5.2); see [20]. Since s > 1/2,
the fractional Morrey embedding (see, e.g., Theorem 8.2 in [8]) implies that it also
belongs to the Hélder space C(25~1/2(R). This and the fact that ¢ € L*(R) give

that 1 tends to zero at +oo.

Finally, from the regularity results in [21, 22] (see, also, [3, Theorem 5] and [19,

Appendix 6.1]), we have that 1 € C%(R), for some o = afs)

L>(R). This concludes the proof of Theorem 5.2.

€ (0,1), and ¢’ €
[l

6. AUXILIARY LAYER SOLUTIONS

In order to improve the asymptotics for the layer solution u given in (5.1), we
consider an even and positive function w € C°°(R) such that

1

(JJ(J,') = 7|:E|1+2S

and we set

(6.1) A= /O+Oow(t) dt.

Then we define a function ¢ € C*°(R) given by

o) =5 (145 [ wt

‘We notice that
(6.2) ¢'(z) = s7w(z),

for any |z| > 1,

)ar).
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hence ¢ is strictly increasing and

1 1

(6.3) ¢/($) = ﬂW

for any |z| > 1.

Moreover, ¢ is such that ¢(—oc0) = 0, ¢(0) = 1/2 and ¢(+00) = 1 and, since w is
even, we have the following symmetry property for ¢:

(6.4)

We notice that, thanks to (6.2),

(6.5) Ls¢'(2) _ Lsﬁw(z) _ Low(z)
| @) T L@ W)
We define the functions

g(t) = Ls¢(t)7 teR,
hr) = g(67 (). 7e(0,1),

(6.6)

and the potential

(6.7) V@%:/TMMdm re(0,1).
0
In this way, the function ¢ satisfies the equation
Ly —V'(¢)=0 inR.

The following lemma explicitly computes the asymptotic behavior of Lsw and
will play a crucial role in the proof of the forthcoming Proposition 6.2:

Lemma 6.1. Let w be as introduced in the beginning of Section 6. Then

Lw(z) :/]Rw(z)dz.

i
|z| =400 w(x)

Proof. For any z,z € R with |z| > 2, we define the quantity
w(z) = w(@) = X(~1/4,1/4)(T — 2)w'(z)(2 — z)

iz, 2) = PR TEET
We have that, for any z € R,
1+2s
. 1425, o || _
(6.8) o || (2, 2) = L m(w@) —w(z)) = w(2).

Also, if |z| <1 and |z| > 2, we have that |z — z| > |z| — |z| = |z|/2, and therefore

1425 |w(z) — w(2)|
6.9 12s _ Izl < 165 .
(6:9) o4, 2)| = A sup o

From (6.8), (6.9) and the Bounded Convergence Theorem, we conclude that

1 1 1
(6.10)  lim |a:|1+28/ i(z, z) dzz/ lim \x|1+25i(x,z)dz:/ w(z)dz.

|| —=+o0 -1 —1 lz|—=+o0 -1
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Now, fixed |z| > 2, we estimate the contribution in R\ (—1,1). For this, we
write R\ (—1,1) = PUQU RU S, where
P={zeR\(-1,1):|z|/2 < |2| € 2|z| and |z — 2| > 1/4},
Q={zeR\(-1,1):|z|/2 < |z| € 2|z| and |z — 2| < 1/4},
R={ze R\ (-1,1):|z] > 2|z|},
S={zeR\(-1,1): |z < |z|/2}.
Let us estimate the contribution coming from P: if z € P, then

w(z) —w(x w(z w(z z|1H2s x|t+2s
li(z,2)| = | |QEZZ|1+(2$)| < | (x)_|—;l+§s)| - G/ sz—;l(iés R

. 21+2s + 1
= |x\1+25|x _ Z‘1+2s'

(6.11)

On the other hand, since w is even in R\ (—1,1), we have

w(z) —w(@) = w(|z]) —w(lz]) = ') (2] = |2[),

where & = t|z| + (1 —t)|z| = t%

+(1- t)% = |§—‘, for t € (0,1). Therefore,

w(z) —w(@)| < W' (] [l2] = |«ll < |2 — .

‘IE|2+25

This implies that

@ -w@l . C

6.12 ] = S :
( ) |Z(-T72)| |.’I,'—Z|1+28 |$|2+28|IE—Z|2S

Now we make a simple interpolation argument. Namely, we observe that for
any X,Y > 0 and any «, 8 € (0,1) such that o + 8 = 1 we have
min{X,Y} < XY,
Therefore
(6.13) min { X232y 2s X2y 1421 — X125y 28 i (X Y} < X1 2tay 28,

So, putting together (6.11) and (6.12) and using (6.13) with X :=1/|z| and ¥ :=
1/|x — z|, we have that, for every z € P and «, 8 € (0,1) such that a + 5 =1,
C

|x|1+2s+a|x _ Z|B+25 :

li(z, 2)| <

Therefore,
C d
o 2 [ il < [
. e /o o= 2P
C dz

|| /{|xz|>1/4} |z — z|B+2s

In particular, we choose @« = s and f =1 — s and we get

(6.14) |:c|1+28/ li(z,2)|dz < < / _dz O
P ||

|Z[* J{jo—ziz1/ay |2 — 215
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Now, if z € Q, we use the Taylor expansion of the function 1/|z|!*2% to get
w(2) —w(®) = x(~1/4,1/2) (& — 2)w'(x) (2 — 2)
=w(z) —w(z) —uw'(z)(z — 2)

1 1 14 2s

- |2[TF2s  |o[1+2s |x|3+23$(2_x)
_ (14+2s5)(2+2s) 9
W' - ‘ )

23

where ¢ is a suitable point lying on the segment joining x to z. We notice that
both z and z lie either in [|x]/2, +00) or in (—oo, —|z|/2], because z > 0 if and only

if x >0, if z € Q. This implies that || > |z|/2, and therefore
w(z) = w(@) = X(—1/2,1/9) (@ — 2)w'(2) (2 — 7|

li(z,2)| = |z — z|1+2s
C . ;
— 7|$—Z|1_2b 7‘x_2|1—25.
|€|3+2s = ||3+28
Hence,
C
|x|1+28/ li(z,2)|dz < |2/ |z — 2|2 dz
Q e Ja
.1
(0:49) c Loy, o C
< W |z — 2| 7*°dz < W
TI™ J{jz—z|<1/4} r
Moreover, if z € R, we have that |z — z| > |z| — |z| = |z|] > 1/4, so we can

estimate |i(x, z)| as in (6.11). Therefore,

d
of 42 [ it 9] dz < € —
(6.16) R {lzl>2la1y |2 — 2]
’ <C dz _C
T Sa—zizlay o= 22 e

Finally, we compute the contribution coming from S for large |x|:

Jgi(z,2) dz L42s w(z) —w(x)
= |zl 1+2s d
w(z) (1<lzI<lal /2y 12— 2]
e [ Y
(1<lz1<lel/2} |z — 2[t*20

‘Z|1+2S

|£L‘|1+28
= / 1125 s 42
(<lzi<lal/2y 1212 — 2

Now, setting t = z/x, we have that

|x|1+25 B ‘Z|1+2S - |$‘1+23 (1 N |%‘1+25> L |t‘1+25

|.’L'—Z‘1+2S - |x|1+28‘1_£‘1+25 = ‘1_“1—&-257
T

which is bounded for |t| < 1/2. Therefore, we notice that the quantity

|1+25 |1+23

_ ‘z
|$—Z|1+25

|
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is uniformly bounded in z in the set S and tends to 1 as |z| — 400, and |z\++2 €
L' (R\ (—1,1)). Therefore, by the Dominated Convergence Theorem, we have that
i(z,2)d d

(6.17) i As i@ 2)dz / = / w(z) dz.

lz|o+o0  w(x) {211} 12128 {|2>1}
Putting together (6.10), (6.14), (6.15), (6.16) and (6.17), we obtain that

I 1
i 2 [ it [ weas= [ ue)ae O
2| >+oo  w(T) 1 |z|>1 R

Now, we can prove the following®:

Proposition 6.2. The potential V' satisfies the following properties:
i) V/(0):= lim V'(r) =0,
r—0t
ii) V”(0) := liI(I)1+ V" (r) = 2A, where A is defined in (6.1).
r—
Proof. First we point out that, by the definitions in (6.6) and (6.7), we have
that V'(r) = h(r) and

v — i — 67 _ Lt (67 (0)
(6.18) VO T T e )

Let us show 7). We have
6.19 lim V'(r)= lim h(r) = lim L, .
(6.19) Jlim Vi(r) = lim h(r) = lim L,¢(z)
So we have to prove that the limit in (6.19) exists and is equal to zero. For this,
we fix R > 1 and we compute

/ d(z +y) + o(x —y) — 2¢(x)
R

IR

dy‘

dy
Br |y[1+2s |y[t+2s

SUP g, (a) |4 [l (w)
c / i L R 1ol 4,
( Br  YIPH R\Br |YI'T?*

—C (RQQS sup |¢"| +RQSII¢>L°C<1R>> :

P(x +y) + ¢ — y) — 2¢(x) dy + / d(x +y) + ¢(x — y) — 2¢(x)
R\Br

N

BR(I)

Now, fixed R, we send x — —o0, obtaining that the first term tends to zero, thanks
to (6.3). Then, sending R — 400, we have that also the second term tends to zero.
This concludes the proof of 7).

Now, we show 7). Recalling (6.18) and (6.5), we have that

L¢' L
(6.20) lm V() = lim 220 gy L@
r—0+ T——00 ¢’(x) T——00 w(x)
Hence, the desired result follows from Lemma 6.1 and (6.1). O

5We remark that V is C°° since so is ¢ (recall (6.6) and (6.7)). As usual, in the statement of
Proposition 6.2, we are using the abuse of notation to identify V’(0) and V' (0) with their limit
values, once we prove that these limits exist. Of course, by symmetry, a similar computation could
have done for V/(1) and V" (1).
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Moreover, the following holds:
Proposition 6.3. The potential V is symmetric with respect to 1/2.
Proof. We compute, for any r € (0,1/2),
1 1
1/2+4r 1/2—r
jﬁ pr)dp-jé h(p) dp

1/2 1/2+r 1/2 1/2
A M@®+A MM@—A MM®+[ h(p)dp

/2 /2—r

(6.21) h<;+r>+h<;—r>:0

To prove (6.21), we set 0(r) := ¢~1(1/2 + r). Notice that, by applying (6.4)
with z := 6(r) we have that

and so
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Hence we can compute

(b en(dr)
o () ol -0)

= g(6(r) +9(=0(r))

= LS¢(9(T))+LS¢(_9(T))
) /¢ )+9) +6(0r) —y) = 20(60)

|y‘1+25

YR GEDELCOENE CLP

[+ ’

_ /¢ ) +y) +(0(r) —y) — 26(6(r))

|y‘1+25 Yy

1 / —¢(0(r) —y) +1—0(0(r) +y) — 2[1 — $(6(r))]

|y|1+2s dy

- L[ 2004 o0 ) 200,

o+

_,/¢ ) +y) +6(0(r) —y) — 26(6(r))

|y|1+2s

where we have used (6.4) once again. This proves (6.21) and concludes the proof
of Proposition 6.3. O

—1/2s

Now, for any a > 0, we set u, = (V" (0)a) and we define the function

(6.22) Pa(2) := O(pa)
and the potential V, = u2°V. Then, the function ¢, satisfies

(623)  Lsda(w) = pig" Lag(pra®) = g™ V' (9(1a)) = 5"V (¢a(2)) = Vy(da (@)
Moreover,

1
(6.24) Vi) = 120 =+
Since W (0) > 0 (see the assumptions in (1.2)), we can say that there exists ag > 0
such that

1

(6.25) Var (0) = W”(0), namely ag :=

W”(O) :

Now, we prove the following

Proposition 6.4. There exists a positive constant C, depending on s, ay and A,
such that the following estimates hold:

C
(6.26) |Pag (x) — H(2)| <

W for any x € R
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and

ay C
(6.27) Gap () — H(x) + 25 2] < P for any x € R.

Proof. First, we show that, for any |z| > 1,

1 T
For this, we consider the case = > 1, since the case x < —1 is similar, and we
compute
1 T 1 T
- H A _ R
o(@) (@) + 4sA |x|t+2s (@) 48 A |x|1+2s

400 1 T
- ") dt + — ———
/x o(t)dt + 45 A |x|t+2s

1 [T 1 1 x
= dt+ — ———
24 J,  |t|i+2s 45 A |z[1+2s
1 1
= G L~

AsA|z[I2s T AsA |x|1F2s

This proves (6.28).
In turn, (6.28) implies that, for |z| > 1,

1 1 c
<

CH()| = — — < .
) ~ H@)I = 111 < 115
Moreover, for |z| < 1 we have
4
—H <2 ——-.
) ~ H@I <2 <

Putting together the last two inequalities and taking z = pq,y (recall (6.22)), we
obtain (6.26).
To show (6.27), we observe that, if |z| < 1,

1 T
4sA |x|t+2s

‘W) — H()+

Putting together (6.28) and (6.29), we obtain

1 T
4sA |x|t+2s

(6.30) ’qﬁ(aj) — H(z)+

1 1
< <2+45A) EE for any = € R.

Now, we take & = pgq,y in (6.30) and, recalling (6.22), we get

1 y

- H - - _J
¢a0 (y) (y) + 4814/1433 |y|1+23

<(24 1 1 1
ST A uE e

Since fia, = (agV"(0))~/2% and V”(0) = 24, we obtain the estimate in (6.27). O
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7. DECAY IMPROVEMENT OF THE SOLUTION LAYER

Here we use the auxiliary transition layer constructed in Section 6 in order to
control the standard transition layer of our problem up to the desired order of
approximation. For this we need the following comparison principle, which can be
seen as a refinement of the one already given in Proposition 4.1:

Corollary 7.1. Let v € L*(R) N C?(R) such that

A1) =0

Suppose that there exists a function d € L>®(R) such that d(xz) = 6 > 0 for any x €
R and for some § > 0, and

(7.1) Lyv=dv+ M,
where M is a function that satisfies the following estimate
C

for some constant C > 0.
Then, there exists a constant C > 0, depending on C,d, s and A (defined in (6.1))
such that
C

()| < T4 a2

for any z € R.

Proof. We consider the function ¢, defined in (6.22) (later we will choose a suitable
value of a). From (6.2), (6.3) and the hypothesis on M in (7.2), we have that there
exists a positive constant K, (depending on a, s, A) such that

(7.3) IM(z)| < Ky,¢l,(z) for any x € R.

Now, we set w := v + ¢¢/,, for some positive constant ¢ that will be specified later.
From (6.23) and (6.24) we deduce that

V@), V00

CLLSQb; = aVaN(an)q%L - V//(o) V/I(O)

Therefore, from the properties of the potential V' given in Proposition 6.2, we obtain
that

(7.4) laLs¢,| < Cyv ¢,
for some constant Cy > 0 depending on V. Using (7.4), (7.1) and (7.3), we obtain
Lyw—dw = Lsv+cLsg, —dv—-cdg,
“V g~ cas,
a
= M+c (C;V - d) &,

Kq.¢, + ¢ (C(;V — d) o,

< Lov—dv+

IN
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Now, we choose @ such that %/ —d= —%, that is @ = % Hence,

Low — dw < (Ka — 02d> P

Finally, we choose ¢ = 252 in such a way that Kz — <¢ = 0, and therefore

d 2
L,w—dw <0.

Since w satisfies the hypotheses of Proposition 4.1, we deduce from it that w > 0,

and so

2Ky
4

By similar computation for the function w := v—c¢%, we obtain that Lyw—dw > 0,
which again, by Proposition 4.1, implies that w < 0, and hence

(7.5) (I

2Kz
(7.6) v < 7 P
Putting together (7.5) and (7.6) we obtain that |v| < 255 ~, which implies the
desired result thanks to (6.3). O

Now, we improve the asymptotics for the layer solution u given in (5.1).

Proposition 7.2. Let u be the solution to (1.5). Then, the following estimate
holds:

ag T C
?s|w|1+23 = || 1+2s

for any x € R,

where ag is a positive number such that (6.25) holds, and C is a positive constant
depending on s,ag and A (defined in (6.1)).

Proof. We consider the function ¢4, given by (6.22) and such that (6.25) is satisfied.
From Proposition 6.4 we know that ¢,, satisfies estimate (6.27).
We define the function v := u — ¢,,. We have that v € L>=(R) N C*(R) and

Moreover, v satisfies
Ly = Lou— Lypa, = W' (u) = Vy (¢a,)

(7.7) _ W’(u) . WI(d’ag) + W/(Qbao) — Vafo (¢ao).

Now we claim that
1
(78) Wl(u) - Wl((bao) + W/((bao) - V(l/[) (d)ao) = W”(O)U + 0 <H|JJ|45> :
The proof uses the growth estimates (5.1) and (6.26), by distinguishing the cases in
which # < 0 (hence H(xz) =0) and = > 0 (hence H(z) = 1). To start, notice that,
if x < 0, we can expand W' (u) and W’ (¢,,) in the vicinity of 0 (that is H(z) = 0),
recall (5.1) and (6.26), and obtain
1
Wl(u) - W/(¢a0> = WH(O) (u - (bao) +0 <1—|—|$45) '
If > 0, we can expand W/ (u) and W'(¢,,) in the vicinity of 1 and obtain the
same result.



30 S. DIPIERRO, G. PALATUCCI, AND E. VALDINOCI

Similarly, when x < 0, using (6.26) we obtain
W/(¢a0) - Va/g (¢a0)

— W0) + W (0)day — VL, (0) = V' (0)y + O (

1
O<1+|x4s)’

since W'(0) = 0 = V, (0) (see Proposition 6.2, i)) and W"(0) = V,! (0) by (6.25).
Similarly, if z > 0, we obtain the same result by expanding V' and W' in the
vicinity of 1, and so (7.8) follows by collecting the estimates above.
Therefore, by (7.7) and (7.8), we have that the function v satisfies
Lov=W"(0)v+ M,
where W"”(0) > 0 thanks to the hypotheses on W in (1.2), and M is a function
that satisfies (7.2). Hence, we can apply Corollary 7.1, thus obtaining that

C

1
1+ |z|*s

v(z)] < [EaPEEn
and so
(1.9 () ~ Gun ()] € T
1+ [a]iF2s
Putting together (7.9) and (6.27) we obtain the desired estimate. O

8. PROOF OF THEOREM 1.1

The completion of the proof of Theorem 1.1 uses a system of sub and superso-
lutions close in spirit to the one in [11]: nevertheless it is necessary in our case to
keep track of the different scaling factor induced by the operator Ly, which produces
different orders of € in the expansions.

In order to prove Theorem 1.1 we consider the solution (z;(t));=1,.. N to the
system

. ) Ty — Ty .
5.1) = | —o(t,z;) + %: Tler — B in (0, +00),
VE)
2;(0) = 7,
where 7 is given in (1.9) and z¥ are given for any i = 1,..., N. Indeed, from [9],

we have that there exists a unique solution® to (8.1).

6More precisely, the existence and uniqueness of solution for (8.1) follows from the classical
ODE results once a lower bound on the mutual distance is obtained. Such bound is given in
Lemma 8.2 of [9], according to which

|2 () — 2 ()| > doe™ ",

for any ¢ # j, where dp is the minimal initial distance and C' > 0 depends on v and o.

As a technical remark, we observe that the proof of Lemma 8.2 of [9] does not make use
of Assumption (H4) on page 792 there, and therefore we can apply such result in the present
framework. Moreover, once the mutual distance is bounded from below, we easily obtain bounds
for .7':1' and acl
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8.1. Construction of sub and supersolutions. To prove existence and unique-
ness of the solution to (1.4) we construct suitable sub and supersolutions. We

consider an auxiliary” parameter § > 0 and define (Z;(t));—1,... n to be the solution

,,,,,

of the system

. x; — x] .
8.2) Ti=v|-0—o0o(tm; +Z2s|x —3, [ in (0, +00),
EZ(O) = .’L'? — 0.
Moreover, we set
(8.3) ci(t) = mi(t)
and
. _O0+0o " . .
(8.4) g = where 8 = W"(0) was introduced in (1.11).

/3 )
We also define

(85 Tltr) = Polta) + ﬁ_vj e e

where u is given in Theorem 5.1 and ) in Theorem 5.2. The asymptotics of T (t, x) is
compatible with the convex envelope behavior in (1.13), according to the following
observation:

Lemma 8.1. For any (t,z) € [0,T) x R, we have that

lim limsup o.(t,2") < (vo)*(t,z).
6—=0F (¢ 2!y (t,2)
e—0

Proof. We define H*(z) := H(x) for any x # 0, and H*(0) := 1. We point out that
(8.6) H < H* and limsup H*(r") < H*(r).
r’—r

Now we prove that

(8.7) ZH* (z — (1)) = (vo)*(t, ).

For this, we use the definitions in (1.7) and (1.12) to write

N
(8.8) (vo)*(t,z) = limsup ZH(:C’ —z;(t)).
('@ )= (t,x) ;=1
Moreover, we observe that if x and ¢ are such that  — z;(t) # 0 for any i €
{1,..., N}, then (8.7) is obvious by the continuity of the functions. So, we may
suppose that x — x;, (t) = 0 for some ig. Since the x;(t) are separated, this implies

7 We will fix § > 0 and suppose that € is small also possibly in dependence of . At the end,
after having performed the limit in ¢, we will have the freedom of taking ¢ as small as we wish,
see Lemma 8.1 for this.
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that  — x;(t) # 0 for any ¢ # i hence continuity holds when i # ig. That is, (8.8)
gives that

(vo)*(t,x) = limsup H(2' — i (t) + Y H(x — zi(t))
(t",x")—(t,x) ii0
(8.9) = limsup H(z' —z; (")) + Z H*(x — x;(t)).
(t",x")—(t,x) iio

Now we specialize a sequence, by choosing 2’ = Z, :=xz+e " and t' =, :=t. In
this way,
Tn—Tiy(tn) =2 — 23 () +e " =" >0
hence
H(Zn — iy (tn)) = 1 = H*(0) = H"(z — 3, (1)),
and so
limsup H(z' — x4, (t')) > limsup H(Z, — xi,(t))
t,x")—=(t,x) n—+00

H* (¢ — 3, (1)).

By plugging this into (8.9), we obtain

(8.10)  (vo)*(t,x) = H*(x — x4, (t)) + Z H*(x —x;(t)) = ZH*(I‘ —x;(t)).
i#io i=1
On the other hand, from (8.8) and (8.6),
N
() (hx) < 3 lmsup H' -y (t")

i— (2= (tz)
N

< Z limsup H*(x' — x;(t))
i—1 (t',@")—=(t,x)

N
(8.11) < ZH*(x—xi(t)).

By collecting (8.10) and (8.11), we complete the proof of (8.7).
Now we notice that

N —m(t)
(8.12) limsup v(t',2') = limsup E u(z>,
1

(t! z')—(t,z) (t! )= (t,z) i

e—0 e—0 -

since the other terms in (8.5) vanish with e. Fixed = and ¢, we let ig such that
(813) x € [Tio (t), fi(ﬁ,l(t))

and we define
¥ = min |z — T;(t)].
i#i0
By construction ¥ > 0 and we will be free to suppose that €, [t' —¢t| and |2’ — x| are
much smaller than 6.

Now we define

(8.14) 2 =2 + |2 — x|+ Ve+ V|t —t.
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Notice that x” is a sequence constructed from the original sequence (¢',2',¢) —
(t,x,0) therefore " approaches x. Since u is increasing, we have that

(8.15) u (xl - fi(tl)> <u (x// _ji(t/)> .

More precisely, from (8.14) and (8.13),
2 =T, () = (¢ —2) + @ =Ty () + |2 — 2+ e+ V]t —t]
(8.16) > =T, () + e+ VI — 1]
> e+ \/7

Furthermore, if i # iy,

() —a"| = [T -+ (@—a) — |2 — 2| = Ve— ] —1]]
> 9—2|m’—x|—\/2—\/m
0
> -
2

This and (8.16) imply that, for every i € {1,..., N},

(8.17) 2" —Zi(t)] = Ve+ V]t — 1.
By the regularity theory for ODEs, we have that
|Z:(t') —z(t)| = O(Jt' —t])
hence (8.17) gives that
|z — T ()] = Ve+ V)t —t] — O(t' —t]) = Ve,

since |t — t| is an infinitesimal sequence. As a consequence of this, we have that
a" —7i(t') > kS

€ Ve
that is a diverging sequence. Therefore, recalling (5.1), and observing that H(x/e) =
H(x) for any x € R, since € > 0, we obtain

limsup <xﬁ_j(t/)> — H(a" —7(t))

',z —(t,z)
e—0

" (4 "o = (4
_ mﬂmu<x%@W_H(f'Mﬂ>:Q
€

(t',x!)—(t,z)
e—0

Using this, (8.12) and (8.15) we obtain

N // b /)
limsup o (¢, z") lim sup Z U ( )

t/ /) t, t/ x! t,
) =) (ta) §

t/
Z lim sup u(m — % ))
-1 (', /)H(f z) €
N
(8.18) Z limsup H (2" —z;(t")).
t/, /)H(f x)

’Ll(
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Now we use the ODE theory to notice that |[Z;(t) — x;(t)] < O(J), since both the
forcing term and the initial data of the two equations are J-close to each other
(compare (1.8) and (8.2)). In particular

' —z(t) <2 —x; () + O0)
and so, using the fact that H is monotone,
H(z" —z;(t'") < H(z" — 2 (t') + 0(9)).

This, (8.18) and (8.6) imply that
N

g, Jmewe Tlt) < i ) Jimewp H( = ai(t)+O0)
< égrg+z(f}lf{1)ing)H (2" = zi(t') + 0(5))
=
< dim Y O H (2= 2i(t) +0(9))

N
< ZH*(J: —z;(t)).
i=1
The desired result then follows from (8.7). d

In the following proposition, we control the initial condition of v,:

Proposition 8.2. Assume that (1.2), (1.3) and (1.10) hold. Then, there exists 69 >
0 such that, for every 0 < § < 4y, one has

(8.19) Te(0,2) =0 (x)  for any x € R,

for any € > 0 sufficiently small, where v is defined in (1.10).

Proof. We choose
. 0 0
0<d< min 1(:101-+1 —x;).

i=1,...,N—

In this way we have that
2 <Tp1(0) <2, foranyi=1,...,N—1.

As a consequence of this and of the fact that v is increasing, we have that

(8.20) " (gc_f(o)) >u (95_6‘””0) .

Also, using the fact that
lim_4(z) =

ZE*)OO

due to (5.2), we can choose R > 0 so large that

><Zci(0)l> sup [

= R\(—R,R)

(8.21)

™| >
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Now, in order to prove (8.19), we distinguish the points x that are very close to T;(0)
for some i € {1,...,N} and the points that are sufficiently separated. For this,
suppose first that

(8.22) |z —T;(0)] > eR foreveryi=1,...,N.
Then (z —7;(0))/e € R\ (=R, R) and so, by (8.21),

(8.23)

N

(
o = s £ (20 o (200

WV
|
—
%)
+
q
—
\.O
B
+
[]=
—
IS
7N
8
a |
B
N———
|
[
o
B
o
=
<
N
8
\
oy
=
N———
——

which, together with (8.23), implies that
0:(0, ) = 00 (z).

This proves (8.19) in case (8.22) holds true.
Now, conversely, suppose that there exists an index ig € {1,..., N} such that
|z — T;,(0)] < eR. Then, in this case, the fact that u is increasing implies that

(8.24) u (”HC(O)> > u(—R) > 0,

€

and

G () (B o (n)

Hence, from (8.25) and (5.1),

r— ) < Ce\
“ € S\

for some C' > 0, when ¢ is small enough. Using this and (8.24) we conclude that,
for € sufficiently small,

" (x —x¢0(0)>

Y
=N
|
=3

_R C 2s N
S (5) 4] ey 3 [€(0)]
im1
— 20 N —7;(0
> u (x Ea: 0) + ;e%a‘mﬁb (l‘f()> :
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Hence, using this estimate and (8.20),

Te(0, x)
= a0+ 3 {u () - o (1) )
S N _
S 2 ()0 () (20
1<i<N Pl
i#ig
2s .0 0
> G 0+o0.m)+ ;N " (9«“ 6%) tu (m e%)
i#ig
623 N — J;O
= (5+0(0,$))+Zu( Z)
g i—1 €
25
- i
> 2(x).
This concludes the proof of (8.19) in this case too. 0

Now, we set
(8.26) U = u <xfl(t)> —H <‘Txl(t)> 7

where H is the Heaviside function, and

Let also
1
(8.27) L= e(@)i+ 5 (W) — Lo — o).

Our goal is to estimate I. for small e. Functions that are bounded by ;, or v;, up
to multiplicative constants, will be denoted by O(@;), or O(v);), respectively. The
reason for this notation is that, when x # T;(¢), both @; and 1; are infinitesimal
for small €, in the light of (5.1) and (5.2). With this setting, we have the following
estimate:

Lemma 8.3. Assume that (1.2), (1.3) and (1.10) hold. Then, for every iy €
{1,..., N}, we have

) _ _ B B nr
I.=el + (86 —0)+O(t,) | nci, +6 + Z - |-
1<i<N €
iig
where (3 is given in (1.11), & in (8.4), n in (5.3), and the error e is given by

(8.28) el = O(**) + Z O(i) + Z O(u;) + Z o (ZZ) :

1<i<N 1<i<N 1<i<N
i#ig i#ig i#ig
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Proof. We compute I, piece by piece. First of all, by differentiating (8.5) we obtain

(T = O(e*) + Z a“ (m_f(t)) - éaat [Ci(tw (x_em(t)>]
N

&) Nl zi(t) y (:17 fi(t)) DS [éi(t)w <~’C:i(t)> 3 fist)@,(twl <x:,(t)>} .

i=1

That is, from (8.3), multiplying by € and dropping the explicit dependence on ¢ for
short, we obtain
(8.29)

€(Te)r = O T2%) Z <x - ml) Z e + Z e % (ﬁ) :

Now we notice that we can bound ¢ and ¢’ thanks to Theorem 5.2. Moreover, ¢

2

is bounded for every i = 1,..., N (recall the bound on &; discussed in the footnote
of page 30). Therefore (8.29) reduces to

(8.30) (@) = O(e2) ZN: (3”_:”)

Also, we use the periodicity of W (to remove the Heaviside function inside the
potential) and a Taylor expansion in the vicinity of @;,, to calculate:

(8.31)
)

N
W' (ve) =W’ (eQS& + Zu (x
N v
W/ (6235 + Z ’l~l,z - 625 Z@%)
i=1 i=1

- N
xz) _625 Z@'TP (1‘

i=1

N

:W(um—i—e o+ Z uz—E Zcﬂ/h)
1SN i=1
i#ig
=W (a;,) + W (, (e G+ Z i — €% 2011/’1)"‘0 1s) Z O(a
1<i<N 1<i<N
itio itio

Now we recall that Lso is bounded thanks to (1.3). Hence we use the scaling
properties of L, (1.5) and (5.2) to evaluate the following expression:

(8.32)

N _ N _
~ Xr — T; s _ Xr — T
¥ LT, =L, <62SO' + g u ( - ) — € gl G ( ; >>
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So we sum up (8.30), (8.31) and (8.32): recalling (8.27) and noticing that the two
terms involving u’ cancel, we obtain that

Ie = € (@E)t + G_ZSWI(@E) — Lsﬁe — 0
= € 2W (i) + W (i, ) (& 4% Z i — Z Eﬂbi)
i#i0 1<iKN
—e Z W' (i) + Z G (W ()i +n(W" (w;) — W"(0))]
1<i<N 1<iKN
—o+O0(*) + Y O(e>0?).
i#io

Now we collect some terms in the previous expression, namely we observe that

672SW/(,EMO) o 6725 Z W/(ﬂl) _ _6725 Z W/(’ELZ)

1<i<N iio

and that

—W" () Z cip; + Z eW" (w;); = Z@' (W//(ﬁi) - W”(ftio)>1/)¢~

1<i<N 1<i<N i#ig

Therefore we obtain

I, = —e% Z W' (i) + ZE‘ (W”(ﬂi) - W/I(ﬁio)>¢i
i#ig i#io
W (o 3 m)
iio
+ Z em(W" (@;) — W"(0))
1N
—0 + O(*%) + Z O(e %u?).
iio

Now, since W/(0) = 0, we use a Taylor expansion around 0 to see that
EiQSW,(lNLi) —_ 672SWH(0)7TL1' + 0(6725,&?)
so that
Ie = _672SW//(0) Z ﬂz + Z c; (Wﬂ(al) - Wﬂ(alo))wl
iio i#io
FW (i) (6 ey u)
iio
+ > em(W (@) — Ww"(0))
1<iKN
—o+O0(*) + Y O(e i),
iio
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Now it is convenient to add and subtract the term W (0)6 and collect all the terms
containing the common factor (W"(a;,) — W”(0)). We get

L= (W'(i,) - W"0)e > i+ Y e (W”(ai) — W (i, ))wi
i#ig iio
+(W"(@s,) = W(0))5 + W (0)3
+ Y E@n(W (@) — W (0)) + Ein (W (i;,) — W"(0))
i#io
—0+0(*) + Y O(e @)
i#io
Hence, since (W" (i;,) — W"(0)) = O(@;,), we have
I. = O(a) (6—28 Z u; + 0+ Eion)
i#igo
+ 30 (W) — W (@) ) s+ W (0)5
i#ig
+> (W (@) — W (0))
i#ig
—0 + O(*%) + Z O(e a?).
i#ig
Now, clearly,
cn(W" (@) = W"(0)) = O() and & (W (@) = W (iis,) )t = O(),
thus we conclude that

I = O()(e® Y s+ +7in)

iio
+) - 0() + W (0)5
iio
+ Z O(i;) — o + O(**) + Z O(e %u?).
i#io iio
This ends the proof of the desired result, since 8 = W”(0) (recall (1.11)). O

Now we can state the following;:
Proposition 8.4. Assume that (1.2), (1.3) and (1.10) hold. Then, there ezists
do > 0 such that, for any 0 < 6 < §y and T > 0, we have
(Ve)e = % (ste - G%W’(m) + a) in (0,T) x R,
for e > 0 sufficiently small.

Proof. Our goal is to show that for every x € R
(8.33) I.>20

for € small enough: this indeed plainly implies the desired result (recall the definition
of I. in (8.27)).
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For this, we make a preliminary observation: recalling the definition of @; in (8.26)
and using Proposition 7.2, we obtain that, for any ¢ € {1,..., N},
€2 x —T;(t) Celt2s
2sW"(0) |z = Ty(t)[ 125 | ™ Jo — mi(t)[1H2e
Now we divide the proof of (8.33) by dealing with two separate cases.
Case 1: Suppose that there exists ig € {1,..., N} such that

(8.34) u; +

1

(8.35) 2 — T, ()] < 7,

Therefore, since the T;’s are well-separated, for e sufficiently small we have that
(8.36) |z —Z;(t)| =9 >0, forany i+ io,

where ¥ is a constant independent of e.
Hence, thanks to (8.34) and (8.36),

7.~Ll' 1 T 7fl(t) C61+2S 1
> (62 + — ) < Y —— <Ce

i QSWH(O) |J} - xi(t)‘1+28 €2s — |$ — xi(t)\l‘*‘%
1#10

Therefore, from Lemma 8.3 we deduce that

(8.37)

, . . _ . s
I =el + 36 — o+ O(u;,) 77%‘*“7‘*‘;6@
1#£10

io - . _ - 1 x—@(t)
=400 = O] | 0% +8 = 5 ey D gy | O

Now, we Taylor expand the function % for  in the vicinity of the
point Z;, (t), and we use (8.35) to get

T — ;vl % T;(t)
Z |z — |1+2$ Z Zig ()2

i#ig
B 1 (€~ mt))? _
(8.38) - ; <|£—x(t)|1+2 -1+ 25)5—9@(%”*25) (@ =3 (1))
2 + 2s 1
< Z O ez
%10
< Ceﬁ,

where ¢ is a suitable point lying on the segment joining x to Z;,(¢) (and hence
|€ — Z;(t)| = ¥/2 thanks to (8.35)). Therefore, using (8.38) in (8.37), we have

(8.39)

20 1 Z; (t) fl(t)
fe = et 07 =+ Oli) | 1% 17~ 5p; 2 T (6 o[

+0(e) + O(em%).
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Now, we compute the term between parenthesis. From the definitions of n, ¢;, and
& given in (5.3), (8.3) and (8.4) respectively, and recalling (1.9), we obtain

1 T, (t) — T4 ()
NCi, +0 — 2sW"(0 Z Iz, (1) — fi(t)|1+2s

B I 5 o(t,x) a:m Z;(t)

- leo (t) + W”(O) W//( QSW” Z |$20 |1+25
(8.40)

_ 1 (7 _ 1 Tiy (t) — Ti(t)

- W”(O) +d+ U(tv Lig (t)) - 2s e \Tio (t) - Ti(t)|1+25

o(t,x) —o(t,T; (1))
W//(O)
Recalling (8.2), we have that
Ty () 1 Tiy (t) — Ti(t)

04 ot (1) —

2 2= o ()~ w2

and so the term in parenthesis in (8. 40) vanishes. Therefore (8.40) becomes

Ny + 6 — W,, Z ‘ xz% — (|tl)+2s Sl I;/,(,T ((é’)xio )

= Oz =T (1))
= O(em),

thanks to (1.3) and (8.35). Hence (8.39) reads

(8.41) I = € 4+ 85 — 0+ O(e77% ) + O(e) + O(e77%).

Also, in the light of (8.4), we see that

(8.42) B6—0=6>0.

Now, we claim that

(8.43) the error el (that was defined in (8.28)) tends to zero as € — 0.

For this, we notice that ¢; = ¢ @ , with ¢ # ig, tends to zero because of

the behavior of the corrector at infinity (recall (5.2) and (8.36)). Moreover, thanks
to (5.1) and (8.36) we have that, for i # 4o,

() () o) -

(ﬂ’i)z _ 0(64S> _ O(EQS),

€2s €

and

thus proving (8.43).

Hence, from (8.41), (8.42) and (8.43) we obtain that for e sufficiently small
5
I. > - >0,
5 >

which implies (8.33) in this case.
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Case 2: Suppose that |z — T;(t)] > €777 for every i € {1,...,N}. In this case, we
can fix iy arbitrarily, say io := 1 for concreteness. We use (8.34) to obtain

Z & + 1 xr — fl(t) C€1+2S Z
& T 2sWI(0) [z — T (t) e o=, |1+2e

i?fio 7,7510

Therefore, from Lemma 8.3 and the definition of & in (8.4) we have

_ o . - s 1 T —Ti(t) in
(8.44) I. = eX°4+0+0(u;,) | nci, + 07 357 (0) Z PEEAnE= +0(e77% ).

We notice that, for any i # i,
X —fi(t) 1 1
[z =T ()2 T e — TP T 2l

Notice that this term is divergent as e tends to zero. From (8.45) we conclude that

— ~ 1 xr _fz(t) __S8
. J— — 1+s
NCiy, +0 257 (0) ; EEEAOEE (e ),
1#10

(845) — O( 1+< )

since the other terms are bounded. By plugging this into (8.44) we obtain
(8.46) I = €l + 5+ O(itjy) - O™ 77) + O(e7%).

Now we observe that for every i € {1,..., N},
(8.47)

e e 2s 2s s(1+42s
= u x —T(t) _g(® Z;(t) _0 < _0 625 _ 0(6 (1-+20)
€ € |z —Z;(t)]? €Tr3s

As a consequence

(uz)2

(8.48) =0(#) and O(5,) 0@ ) = 0 (F5).
By inserting this into (8.46) we get

(8.49) I = el + 6+ O(e”),

for some a > 0. Now we check that

(8.50) the error term e% tends to zero as € — 0.

For this, we remark that, in this case,

|$ —Z; (t)| 62+125 _142s
> =€ 2%

=
€ €
which diverges for small e. Therefore, for = fixed as in the assumption of Case 2,

ile) = ¥ (””‘“”) 0

€

we have that

as € — 0, due to the infinitesimal behavior of ¢ at infinity (see (5.2)). Using this,
(8.47), (8.48) and the definition of the error term given in (8.28), we obtain (8.50).
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Hence, by using (8.50) inside (8.49) and recalling that 6 > 0, we conclude that

o
Ie>7>07
2

for e sufficiently smooth, thus proving (8.33) in this case too. O

8.2. Existence and uniqueness of the solution. We observe that, for e suffi-
ciently small, the initial condition v? given in (1.10) satisfies

1< <N+1.

Moreover, setting

1

Ke = el+2s

1
[W']| Loe () + EHUHLOO(]R)a
we have that the functions
u (t,x):=—-1—- Kt andu(t,z):=N+1+ K.t

are respectively sub and supersolutions of (1.4) in [0, +00) x R. Hence, there exists
a unique, continuous, solution v, of (1.4) in [0,400) x R, thanks to the Perron’s
method and the comparison principle (see [4]).

8.3. Convergence. In Subsection 8.1 we constructed a supersolution @, of (1.4)
in [0,7) x R. In a similar way, one can build also a subsolution v, (defined as
T, in (8.5) but with § < 0). Notice that, from Proposition 8.2 (and its analogue
for v_), we have that at the initial time the following holds for every x € R:

v.(0,z) < v(0,2) < T(0, ).
Then, from the comparison principle, we obtain
v (t,x) < vt ,z) <v(t,z), te[0,T), zeRR.

Passing to the limit as € — 0, using the continuity of v, and recalling Lemma 8.1
(and its analogue for v, ), and taking J as small as we wish in the end, we get (1.13)
and (1.14) in [0,7) x R for any fixed T" > 0, and thus in [0,4+00) X R since T is
arbitrary. This concludes the proof of Theorem 1.1.
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